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Preface

The aim of this paper is to give an introduction to in�nite Galois

theory and especially to understand the absolute Galois group of �nite

�elds. To do so I will give a brief review of the de�nitions and results

of classical Galois theory and apply them onto the case of �nite �elds.

Then I will give a proof of the fundamental theorem of Galois theory

that gives a direct link between intermediate �elds of a �eld exten-

sion and subgroups of its Galois group. To generalize it to the in�nite

case however I will need the notion of the Krull topology which leads

to the de�nition of the projective limit, a very powerful tool of cate-

gory theory. Finally I will use the generalized fundamental theorem to

compute the absolute Galois group of �nite �elds and to determine its

intermediate �elds.

1. Definitions and results from classical Galois theory

This chapter recalls the de�nitions and results from classical Galois

theory that we will use in this paper.

At �rst we de�ne the most important tool to characterize �elds.

De�nition. Let F be a �eld and let ψ : Z→ F be the canonical ring

homomorphism de�ned by ψ(1) = 1. Then ker(ψ) is an ideal of Z
and hence isomorphic to nZ for some n ∈ Z≥0. Now one de�nes the

characteristic of F to be n (char(F ) = n).
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Since F has no zero divisors the ring im(ψ) ∼= Z/nZ doesn't have

any either. So n has to be either 0 or a prime and F contains a �eld

isomorphic to Q or Fp = Z/pZ respectively. This �eld is called the

prime �eld of F . Clearly it is the smallest �eld contained in F .

In Galois theory we study homomorphisms F → E of �elds. Since

every homomorphism of �elds is injective we can �nd a sub�eld of E

which is isomorphic to F . Hence the following de�nition.

De�nition. A pair of �elds E/F is called a �eld extension if F is a

sub�eld of E.

For any �eld extension E/F we have that char(E) = char(F ) be-

cause the prime �eld has to be the same. So for every value of the

characteristic we get a distinct family of �elds which contain its prime

�eld and there are no homomorphisms between �elds of di�erent char-

acteristic.

For a �eld extension E/F the �eld E can be seen as an F vector

space.

De�nition. An extension E/F is called �nite if E is a �nite dimen-

sional vector space over F . In this case we write |E/F | = [E : F ] =

dimFE = n and say that the extension E/F is of degree n. Otherwise

E/F is called an in�nite extension and |E/F | = [E : F ] =∞.

In particular any �nite �eld extension E of Fp has pn elements for

some n ∈ N. In fact we will see later that for any prime p and any

natural n there is exactly one �eld with pn elements.

Galois theory only covers algebraic �eld extensions. Hence the fol-

lowing de�nitions.

De�nition. We call α ∈ E algebraic over F if there is a polynomial

p ∈ F [X] such that p(α) = 0. Otherwise we call α transcendent over

F .

Lemma. (a) If p, q ∈ F [X] are polynomials with p(α) = q(α) = 0 then

for r = gcd(p, q) we also have r(α) = 0.

(b) If α ∈ E is algebraic over F then there is exactly one monic

polynomial mα,F ∈ F [X] of minimal degree such that mα,F (α) = 0.
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Proof. (a) Since F [X] is a principal ideal domain r can be written as

a linear combination of p and q. Hence there are a, b ∈ F [X] with

r = ap+ bq.

As an immediate consequence we get that r(α) = 0.

(b) Assume p, q are monic polynomials of minimal degree n with

p(α) = q(α) = 0. Then for r = gcd(p, q) we have r(α) = 0 and as r

then also has degree n we get p = q = r. �

De�nition. (a) For α ∈ E algebraic over F the polynomial mα,F ∈
F [x] of minimal degree with mα,F (α) = 0 is called the minimal poly-

nomial of α over F .

(b) A �eld extension E/F is called algebraic if every element α ∈ E
is algebraic.

The following theorem guarantees that there is an upper boundary

for algebraic �eld extension of a given �eld F .

Theorem. Let F be a �eld. Then there is a maximal algebraic exten-

sion F of F such that any algebraic extension E of F is isomorphic to

some sub�eld of F . This extension is unique up to isomorphy and is

called the algebraic closure of F .1

So for a given �eld F every algebraic �eld extension E of F is a

sub�eld of F . The goal of in�nite Galois theory is to �nd and charac-

terize all those intermediate �elds E. To do this we need some further

notions for �eld extensions.

De�nition. (a) A polynomial p ∈ F [X] is called separable if it has no

repeated roots in F .

(b) We say that an algebraic extension E/F is separable if for any

α ∈ E the minimal polynomial mα,F is separable.

(c) An extension E/F is called normal if any polynomial p ∈ F [X]

which has a root in E splits into linear factors over E.

(d) Finally we call a �eld extension Galois if it is algebraic, normal

and separable.

We can now de�ne the Galois group of an extension E/F which is

what Galois theory is about.

1A proof can be found in [1, p.104�].
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De�nition. Let E/F be a Galois extension. Then the group of auto-

morphisms on E that �x F is called the Galois group Gal(E/F ) of E

over F.

Gal(E/F ) = AutF (E) = {σ ∈ Aut(E) : σ|F = idF}.

For later use we state the following facts about �nite �elds and �nite

extensions.

Lemma. Let F be a �nite �eld. Then its multiplicative group F ∗ is

cyclic.

Proof. Since the group F ∗ is abelian and �nite it is isomorphic to some

product (Z/n1Z) × · · · × (Z/nkZ) with n1 | n2 | · · · | nk. So for every

element in a ∈ F ∗ its order is some divisor of nk.Hence all elements

of F ∗ are roots of the polynomial Xnk − 1 and hence |F ∗| ≤ nk. So

F ∗ ∼= Z/nkZ is cyclic. �

Theorem. (primitive element) Let E/F be a �nite separable extension.

Then there is some α ∈ E such that E = F (α).

Proof. We �rst assume that F is �nite and hence E is �nite. Then the

multiplicative group E∗ is cyclic and there is an element α ∈ E that

generates E∗ and hence also generates E as a �eld extension of F .

Now we look at the case where F is in�nite. Since E is �nitely

generated over F it su�ces to show that for E = F (a, b) there is

some α that generates E. Let n = [E : F ] be the degree and since

E/F is separable there are n pairwise disjoint elements σ1, ..., σn in

HomF (E,F ). Consider the polynomial

P =
∏
i 6=j

((σi(a)− σj(a)) + (σi(b)− σj(b))X).

The polynomial P ∈ F [X] is nonzero because for any i 6= j there is

either σi(a) 6= σj(a) or σi(b) 6= σj(b). Since F is in�nite and P has

only �nitely many roots there is some c ∈ F such that P (c) 6= 0. That

implies that the elements

σi(a) + cσi(b) = σi(a+ cb) ∈ F

are pairwise disjoint. So the minimal polynomial f of a + cb has n

di�erent roots and is therefore of degree n. So α = a+cb is a generator

of E over F . �
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Lemma. Let E/F be a �nite Galois extension. Then |Gal(E/F )| =
[E : F ].

Proof. We have that E = F (α) for some α ∈ E. For the minimal

polynomial mα,F of α we have that deg(mα,F ) = [E : F ] and since

α is separable it has [E : F ] di�erent roots. Now any automorphism

σ ∈ Gal(E/F ) is uniquely determined by the value of σ(α) which can

be any of the roots of mα,F . So Gal(E/F ) = deg(mα,F ) = [E : F ]. �

The most important in�nite Galois groups are the so called absolute

Galois groups.

De�nition. (a) Let F be a �eld. Then the �eld F̃ of separable elements

over F in F is called the separable algebraic closure of F .

(b) The Galois group Gal(F̃ /F ) is called the absolute Galois group

of F .

(c) If F̃ = F then F is called a perfect �eld.

Lemma. Every �eld F of characteristic 0 is perfect.

Proof. Let a be an arbitrary element in F and m = Xn + cn−1X
n−1 +

· · ·+ c0 ∈ F [X] be its minimal polynomial. Since its formal derivative

m′ = nXn−1 + (n− 1)cn−1X
n−2 + · · ·+ c1

is nonzero the element a cannot be a zero of m′ and hence a is not a

repeated root of m. So a is separable and F is perfect. �

We will see later that every �nite �eld is also perfect. So the only

case where inseparable extensions occur is the case of extensions of

in�nite �elds with characteristic 6= 0.

2. Finite Fields

We have seen above that any �nite �eld F has a prime characteristic

p and hence contains a sub�eld with p elements. Now we want to study

�nite �elds and all their Galois extensions. At �rst we will de�ne the

so called Frobenius homomorphism.

De�nition. Let F be a �eld with char(F ) = p. Then the map

ϕp : F → F

x 7→ xp
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is called the Frobenius map.

Remark. The Frobenius map is in fact a homomorphism because for

any given x, y ∈ F we have

ϕp(xy) = (xy)p = xpyp = ϕp(x)ϕp(y)

and

ϕp(x+ y) = (x+ y)p

= xp +

(
p

1

)
xp−1y + · · ·+

(
p

p− 1

)
xyp−1 + yp

= xp + yp = ϕp(x) + ϕp(y)

where we used that for 1 ≤ k ≤ p− 1 we have
(
p
k

)
is divisible by p and

hence vanishes in F .

Now we can proof the following theorem.

Theorem. For any power of a prime pn there is a �eld with pn elements

and every two such �elds are isomorphic to each other.

Proof. Let Fp be the �eld with p elements and f = Xpn −X ∈ Fp[X].

Then f ′ = −1 and so f is separable. Hence f has pn distinct roots

α1, . . . , αpn in Fp including all the elements in Fp. Let α and β be two

of those roots. Then

f(α− β) = (α− β)pn − (α− β)

= (αp
n − βpn)− (α− β)

= f(α)− f(β) = 0

and

f(αβ−1) = (αβ−1)p
n − αβ−1

= αp
n

β−p
n − αβ−1

= αβ−1 − αβ−1 = 0

So set of those roots forms a �eld Fpn with pn elements that contains

Fp as a sub�eld.

Let E be a �eld with pn elements. Then for every element a ∈ E∗

we have ap
n−1 = 1 and hence every element in E is a root of Xpn −X

in Fp. So E ∼= Fpn . �
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This explains the structure of �nite �elds. To fully understand these

we can now determine the possible �eld extensions and the automor-

phism groups of the �nite �elds.

Theorem. Let Fpm and Fpn be �nite �elds. Then Fpn/Fpm is a �eld

extension if and only if m | n. In this case the extension is Galois and

its Galois group G is cyclic with n
m
elements and generated by the m-th

power of the Frobenius homomorphism ϕp.

Proof. If Fpm is a sub�eld of Fpn then Fpn is a vector �eld over Fpm and

hence m | n. Conversely if m | n then the polynomial Xpm −X divides

Xpn −X and so Fpn/Fpm is a �eld extension.

The extension is �nite and hence algebraic. It is separable because

Fpn = Fpm(α) for a primitive root α of Xpn−1 − 1 and α is separable.

Finally it is normal because the polynomial Xpn −X splits into linear

factors and contains all the elements.

Clearly the Galois group G has [Fpn : Fpm ] = n
m
elements. Consider

the relative Frobenius homomorphism

ϕpm : Fpn → Fpn

a 7→ ap
m

which is an element of G. Then ϕpm has some order d ≤ n
m
. Now

d < n
m

would imply ap
md

= a for every element a ∈ Fpn which is a

contradiction. So d = n
m

and hence ϕpm generates the Galois group

G. �

To close our discussion about �nite �elds we will now try to under-

stand the algebraic closure of a �nite �eld.

Theorem. For Fp the algebraic closure is given by Fp =
⋃
n∈N Fpn.

Proof. At �rst we show that Fp∞ =
⋃
n∈N Fpn is a �eld. Let a and b

be two of its elements. Then there are natural numbers m,n such that

a ∈ Fpm and b ∈ Fpn . So a, b ∈ Fpmn ⊂ Fp∞ and hence a − b and ab−1

are in Fp∞ .
Now we have to show that Fp∞ is algebraically closed. Let f ∈

Fp∞ [X] be a polynomial. Then the coe�cients of f lie in some Fpk and
hence its roots lie in some �nite extension of Fpk . So f splits in linear

factors and hence Fp∞ is algebraically closed. �
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As an immediate consequence we get the following

Corollary. Every �nite �eld Fpn is perfect.

Proof. Every element a ∈ Fp is an element of some Fpk and is therefore

separable. So Fp/Fpn is separable. �

3. The fundamental theorem of Galois theory

De�nition. Let E/F be a Galois extension and G = Gal(E/F ) be its

Galois group. For any subgroup H of G denote the sub�eld of E that

is �xed under H by

EH = {a ∈ E | σ(a) = a ∀σ ∈ H}.

For �nite Galois extensions E/F we can now characterize the inter-

mediate �elds using the following

Theorem. (fundamental theorem of Galois theory) Let E/F be a Ga-

lois extension and G = Gal(E/F ) be its Galois group. Consider the

maps

α : {H ≤ G} → {K | F ≤ K ≤ E}

H 7→ EH

and

β : {K | F ≤ K ≤ E} → {H ≤ G}

K 7→ Gal(E/K)

(a) Then α ◦ β = id. In particular α is surjective and β is injective.

(b) If E/F is �nite then α and β are bijective and β ◦ α = id.

(c) Let K be an intermediate �eld of E/F . Then K/F is a normal

extension if and only if H = Gal(E/K) is a normal subgroup of G.

Proof. (a) Let K be an intermediate �eld of E/F . First we will prove

that E/K is always Galois to see that H = AutK(E) is a Galois group.

Since E/F is normal it is clear that E/K is also normal. To prove that

E/K is separable consider an element a ∈ E and a maximal system

of elements σ1, . . . , σr ∈ H such that σ1(a), . . . , σr(a) are pairwise dif-

ferent. Such a �nite system always exists since a is algebraic over K.
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Consider the polynomial

f =
r∏
i=1

(X − σi(a)).

Every σ ∈ H induces a bijective map from {σ1(a), . . . , σr(a)} onto itself
and hence the coe�cients of f are all �xed under H. So f is a separable

polynomial in K[X] with root a. So every a ∈ E is separable over K

and hence E/K is Galois.

Now we have to show that EH = K. By de�nition of EH we imme-

diately get that K is a sub�eld of EH . Now assume K 6= EH . Then

there is some a ∈ EH\K with some minimal polynomial with degree

at least 2. Since a ∈ E is separable over K there is some b 6= a and

some σ ∈ H such that σ(a) = b. But that contradicts the fact that α

is �xed under H. So EH = K and α ◦ β = id.

(b) Let H be a subgroup of G and K = EH be the corresponding

�xed �eld. Since E/F is �nite so is G and hence H as a subgroup.

So let n be the number of elements in H. Since E/K is �nite and

separable there is a primitive element a ∈ E. Then by the argument

in (a) we have that [E : K] = [K(a) : K] ≤ n = ord(H). Since H

�xes the elements in K it is a subgroup of Gal(E/K) = AutK(E). But

since

ord(Gal(E/K)) = [E : K] ≤ n = ord(H)

we have that Gal(E/K) = H and hence β ◦ α = id.

(c) Let K/F = EH/F be normal. Then the map

ϕ : G→ Gal(EH/F )

σ 7→ σ|EH

is a surjective group homomorphism with kerϕ = H. So H is a normal

subgroup of G.

Conversely letH be a normal subgroup. To show thatK/F = EH/F

is normal we have to show that any F -homomorphism σ : EH → E is

mapped into EH . Since E/F is normal we have that σ(EH) ⊆ E. Now

let b ∈ σ(EH) and say σ(a) = b. Now let τ ∈ H. Since H is normal

there is some τ ′ ∈ H such that τσ = στ ′ and τ(b) = τσ(a) = στ ′(a) =

σ(a) = b. So b ∈ EH and hence σ(EH) ⊆ EH . �

Remark. As an immediate consequence of (c) we get the following fact.
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If E/F is a Galois extension and K be an intermediate �eld with

K/F normal. Then the maps

ι : Gal(E/K)→ Gal(E/F )

σ 7→ σ

and

ϕ : Gal(E/F )→ Gal(K/F )

σ 7→ σ|K
are group homomorphisms and the sequence

1 −→ Gal(E/K)
ι−→ Gal(E/F )

ϕ−→ Gal(K/F ) −→ 1

is exact (i.e. imι = kerϕ).

Example. For a �eld extension of �nite �elds Fpn/Fpm the fundamental

theorem says that the intermediate �elds Fpk with m | k | n correspond

to the unique subgroup Gal(Fpn/Fpk) ∼= Z/n
k
Z of Gal(Fpn/Fpm) ∼=

Z/ n
m
Z.

If E/F is in�nite then then α is not injective in general. This can

be seen in the following example.

Example. Let p ∈ N be a prime and Fp be the �eld with p elements.

Then the extension Fp/Fp is in�nite. Its Galois group G = Gal(Fp/Fp)
contains Frobenius automorphism

ϕp : Fp → Fp

x 7→ xp.

The only elements �xed by ϕp are those in Fp. So Fp
〈ϕp〉

= Fp = Fp
G
.

If α was injective then we would get G = 〈ϕp〉. We will now construct

an automorphism ψ ∈ G that is not a power of ϕp. Let (an)n∈N be a

sequence of integers such that

an ≡ am mod m

holds if m | n and such that for any a ∈ Z there is some n ∈ N with

an 6≡ a mod n. For example we can write n = n′pvp(n) with gcd(n′, p) =

1. Then there are some integers xn, yn such that 1 = n′xn + pvp(n)yn.

Now the sequence an = n′xn ful�lls the above conditions. Now let

ψn = ϕan|Fpn
∈ Gal(Fpn/Fp).
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If Fpm ⊆ Fpn then m | n and therefore

ψn|Fpm
= ϕan|Fpm

= ϕam|Fpm
= ψm.

So the sequence (ψn)n∈N de�nes an automorphism ψ on Fp. But ψ is

not a power of ϕ since otherwise we would have that ψ = ϕa for some

a ∈ Z and hence

ϕan|Fpn
= ψn = ψ|Fpn

= ϕa|Fpn

and so an ≡ a mod n for every n ∈ N which was outruled by construc-

tion.

In order to get an in�nite analogue to the fundamental theorem we

will have to de�ne a topology on our Galois group.

4. The Krull topology

De�nition. A topological group G is a group which is also a topologi-

cal space such that the group operation ◦ and the inverse mapping ·−1

are continuous functions on G.

Lemma. Let G be a topological group.

(a) If H is an open subgroup of G then H is closed.

(b) If H is closed and of �nite index (i.e. |G/H| is �nite) then H is

open.

Proof. (a) If H is open so are all the left cosets gH for g ∈ G. Hence
G\H =

⋃
g 6∈H gH is open and hence H is closed.

(b) If H is closed so are all the left cosets gH for g ∈ G. Since

H is of �nite index there are only �nitely many left cosets. Hence

G\H =
⋃
g 6∈H gH is closed and hence H is open. �

Example. (a) Any group G together with the discrete topology (i.e.

every subset of G is open) is a topological group.

(b) Any group G together with the trivial topology (i.e. only ∅ and
G are open) is a topological group.

(c) Every Lie group is a topological group. For example the groups

of matrices GLn(R), GLn(C), O(n), SO(n) or SU(n) are Lie groups

and therefore topological groups.

De�nition. Let E/F be a Galois extension and G = Gal(E/F ). For

σ ∈ G we de�ne a neighborhood basis of σ via the sets σGal(E/K)
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where K/F runs through all �nite Galois extensions of F in E. This

induces a topology on G, the so called Krull topology.

Lemma. Let E/F be a Galois extension and G = Gal(E/F ). Then

the Krull topology makes G a topological group.

Proof. To prove continuity of the multiplication we have to show that

for any elements σ, τ ∈ G and for any neighborhood W in the neigh-

borhood basis of στ there are neighborhoods U and V of σ and τ

respectively such that

U · V ⊆ W.

So let K/F be a �nite Galois extension and W = στGal(E/K). Then

for U = σGal(E/K) and V = τGal(E/K) we have that U · V = W .

Similarly to prove continuity of the inverse function we observe that

for any σ ∈ G and for W = σ−1Gal(E/K) there is U = σGal(E/K)

such that U−1 = W . So G is a topological group. �

Remark. (a) If E/F is �nite then for every σ ∈ Gal(E/F ) the set

{σ} = σGal(E/E) is open. So in this case the Krull topology is just

the discrete topology on Gal(E/F ).

(b) Let K = (Ki)i∈I be the set of all �nite extensions Ki/F lying in

E. Let fi : Gal(E/F ) → Gal(Ki/F ) be restriction mappings. Then

the Krull topology on Gal(E/F ) is the coarsest topology such that all

fi are continuous if we consider the discrete topology for Gal(Ki/F ).

Proof. (of (b)) In any topology on Gal(E/F ) where all fi are continu-

ous, the sets σGal(E/Ki) = f−1i (σ) are open. Since the Krull topology

is de�ned by these sets, it is the coarsest such topology. �

Proposition. Any Galois group G = Gal(E/F ) is Hausdor�, compact

and totally disconnected.

Proof. To prove that G is Hausdor� let σ and τ be two di�erent ele-

ments in G. Then there is some �nite Galois extension K/F such that

σ|K 6= τ |K . Then σGal(E/K) 6= τGal(E/K) and since these are cosets

of Gal(E/K) they are disjoint.

The restriction fi : Gal(E/F ) → Gal(Ki/F ) induces an injective

continuous homomorphism

f : Gal(E/F )→
∏
i∈I

Gal(Ki/F )
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which we can understand as an inclusion. The set
∏

i∈I Gal(Ki/F )

is a product of �nite discrete and hence compact topological spaces.

The theorem of Tychono� then guarantees that the product is compact

itself. So to show that Gal(E/F ) is compact we only have to prove that

it is closed in the product space
∏

i∈I Gal(Ki/F ). To do so consider

a point (σi)i∈I ∈
∏

i∈I Gal(Ki/F ) which is not a point in Gal(E/F ).

Then there are some indices j, k ∈ I such thatKj ⊆ Kk but σk|Kj
6= σj.

Then the set {(σ′
i)i∈I ∈

∏
i∈I Gal(Ki/F ) | σ

′
j = σj, σ

′

k = σk} is an open

neighborhood of (σi)i∈I which is disjoint to Gal(E/F ). So Gal(E/F )

is closed and hence compact.

To see that Gal(E/F ) is totally disconnected, let (σi)i∈I and (σ
′
i)i∈I

be two di�erent elements of
∏

i∈I Gal(Ki/F ). Then there is an index

j ∈ I such that σj 6= σ
′
j. Then de�ne open sets V =

∏
i∈I Vi and

V
′
=
∏

i∈I V
′
i in

∏
i∈I Gal(Ki/F ) via

Vi =

Gal(Ki/F ) i 6= j

{σj} i = j

and

V
′

i =

Gal(Ki/F ) i 6= j

Gal(Kj/F )\{σj} i = j
.

Then (σi)i∈I ∈ V , (σ
′
i) ∈ V

′
and

∏
i∈I Gal(Ki/F ) is the disjoint union

of V and V
′
. So

∏
i∈I Gal(Ki/F ) is totally disconnected. �

5. The projective limit and profinite groups

To understand in�nite Galois groups it is of advantage to see them

as a projective limits of �nite Galois groups. Hence the following de�-

nition.

De�nition. Let (I,≤) be a partially ordered set such that for any

i, j ∈ I there is some k ∈ I that satis�es i, j ≤ k. Let (Gi)i∈I be a

family of topological groups and for any i ≤ j let fij : Gj → Gi be a

continuous homomorphism satisfying

fii = id ∀i ∈ I

and

fik = fij ◦ fjk ∀i ≤ j ≤ k.
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Then we de�ne the projective limit of ((Gi)i∈I , (fij)i,j∈I,i≤j) as the sub-

group

G = lim←−i∈IGi = {(gi)i∈I ∈
∏
i∈I

Gi | fij(gj) = gi∀i, j ∈ I}

of the direct product of the groups Gi together with the natural pro-

jections fi : G → Gi. The topology on G is then de�ned to be the

coarsest topology such that all projections fi are continuous.

Theorem. Let E/F be a Galois extension and (Ki)i∈I be the set of

�elds Ki ≤ E which are �nite Galois extensions of F . De�ne G =

Gal(E/F ), Gi = Gal(Ki/F ) and for any Ki ≤ Kj de�ne

fij : Gj → Gi

σ 7→ σ|Ki
.

Then G is isomorphic to the projective limit of ((Gi)i∈I , (fij)i,j∈I,i≤j)

with the projections fi(σ) = σ|Ki
.

Proof. We will show that the map

ϕ : G→ lim
i∈I←−

Gal(Ki/F )

σ 7→ (σ|Ki
)i∈I

is an isomorphism of topological groups.

Let σ, τ ∈ G with σ 6= τ . Then there is some �nite extension Ki

such that σ|Ki
6= τ |Ki

and so ϕ is injective. The map ϕ is surjective

by de�nition of the projective limit. It is a group homomorphism by

construction and the topology is the same since the Krull topology on

G is the coarsest topology such that ϕ is continuous. �

In general a topological group is called pro�nite if it is an inverse limit

of discrete �nite groups or equivalent if it is Hausdor�, compact and

there is a neighborhood basis of 1 that consists of normal subgroups.

So all Galois groups are pro�nite groups. In fact it can be proved that

any pro�nite group is a Galois group.2

2For further information on pro�nite groups see [5, p.278�].
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6. The fundamental theorem for infinite Galois

extensions

With the Krull topology we can now generalize Galois' theorem. For

the proof we will need the following

Lemma. Let E/F be a Galois extension, H ≤ Gal(E/F ) be a sub-

group. Then Gal(E/EH) = H.

Proof. By de�nition of EH the group H is a subgroup of Gal(E/EH).

Let (Ki)i∈I be the family of intermediate �elds of EH/F such thatKi/F

is �nite and Galois. Since Gal(E/Ki) is an open subgroup of Gal(E/F )

it is also closed and so the Galois group Gal(E/EH) =
⋂
i∈I Gal(E/Ki)

is closed as well. It remains to show that H is dense in Gal(E/EH). To

do so let σ ∈ Gal(E/EH). Then any neighborhood of σ contains some

σGal(E/K) where K = Ki for some i ∈ I. We have to prove that there

is some τ ∈ H ∩ σGal(E/K) which is equivalent to τ |K = σ|K . Now

let HK = {h|K ∈ Gal(K/F ) : h ∈ H}. Then by the Galois theorem

for �nite extensions HK = Gal(K/KHK ) and so σ|K ∈ HK . Hence the

required τ exists and H is dense in Gal(E/EH). �

Theorem. Let E/F be a Galois extension and G = Gal(E/F ). Con-

sider the maps

α : {H ≤ G : H = H} → {K : F ≤ K ≤ E}

H 7→ EH

and

β : {K : F ≤ K ≤ E} → {H ≤ G : H = H}

K 7→ Gal(E/K)

Then α and β are bijective and inverse to each other.

Additionally if H is open then EH/F is �nite and H is also closed

and vice versa.

Proof. The �rst statement is an immediate consequence of the classical

Galois theorem and the lemma above.
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Now let H be an open subgroup of G and hence also a closed sub-

group by the lemma in section 4. Furthermore H contains an open

neighborhood of the identity. So there is some �eld K such that K/F

is �nite and Gal(E/K) is a subgroup of H. So EH is some sub�eld of

K and therefore EH/F is �nite.

Conversely if EH/F is �nite and H is closed then H is of �nite index

in G and hence open. �

7. Examples for infinite Galois groups

The easiest example for in�nite Galois groups is the absolute Galois

group of a �nite �eld Fpn .
Since Fpn is algebraic over Fp and a perfect �eld, its separable closure

is just the algebraic closure Fp. The �nite �eld extensions of Fpn are

the �elds Fpmn for m ∈ N.
Let G = Gal(Fp/Fpn) and Gm = Gal(Fpmn/Fpn) ∼= Z/mZ. So

G = lim←−m∈NGm
∼= lim←−m∈N(Z/mZ). This projective limit then has the

additive structure of the so called Prüfer ring

Ẑ = lim←−m∈N(Z/mZ)

= {(am)m∈N ∈
∏
m∈N

(Z/mZ) | ak ≡ am mod k ∀k | m}

with ordinary addition (an)n∈N + (bn)n∈N = (an + bn)n∈N and multipli-

cation (an)n∈N · (bn)n∈N = (anbn)n∈N. In particular G ∼= Ẑ is abelian

and hence any Galois group over a �nite �eld is abelian. Furthermore

any subgroup of G is normal and hence every extension is normal.

For a better understanding of the absolute Galois group G we will

state some important properties of Ẑ.

Remark. The canonical ring homomorphism

ψ : Z→ Ẑ

a 7→ (a)n∈N

is injective and hence Z can be seen as a subring of Ẑ.

In terms of the Galois group the subgroup corresponding to Z is the

subgroup H of G generated by the Frobenius automorphism ϕpn which

appears as the element (1)n∈N in Ẑ. However as we have seen in section
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3 there are elements in ψ ∈ G that are not in H. But as topological

groups we get H = G (i.e. H is dense in G).

Now we analyze the structure of Ẑ by the following theorem.

Theorem. Let q be a prime and Zq = lim←−k∈N(Z/q
kZ) be the so called

q-adic integers. Then

Ẑ ∼=
∏
q

Zq

as topological rings.

Proof. We will show that
∏

q Zq, together with some canonical homo-

morphisms fi :
∏

q Zq → Z/iZ, ful�lls the properties of a projective

limit of the system (Z/iZ)i∈N+ . Let i ∈ N\{0} be an arbitrary pos-

itive integer with prime factorization i =
∏

q q
vq(i). By the Chinese

remainder theorem there is a canonical isomorphism

Z/iZ ∼→
∏
q

Z/qvq(i)Z.

So the natural projections pi :
∏

q Zq →
∏

q Z/qvq(i)Z correspond to

homomorphisms

fi :
∏
q

Zq → Z/iZ.

If i | j then those homomorphisms fi match with the projections fij :

Z/jZ→ Z/iZ. By de�nition of fithe topology of
∏

q Zq is the coarsest
topology such that all fi are continuous.

To show that (
∏

q Zq, fi) is a projective limit of (Z/iZ, fij) as rings
we choose a ring R with homomorphisms hi : R→ Z/iZ, which match

with the maps fij. For every prime q we then get homomorphisms hi,q :

R → Z/qvq(i)Z. So there are homomorphisms hq : R → lim←−v∈NZ/q
vZ

and alltogether we get a ring homomorphisms h : R →
∏

q Zq with

hi = fi ◦ h. So
∏

q Zq is a projective limit of Z/iZ and hence
∏

q Zq is
isomorphic to Ẑ. �

For the elements a = (ãk)k∈N of Zq we have ãk ≡ ãm mod k for all

k ≤ m and hence we can also write them as power series

a =
∑
k∈N

akq
k
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where
∑m

k=0 akq
k = ãm and ak ∈ {0, . . . , p − 1}. Now we can de�ne a

norm on Zq by

|a|q =

q−vq(a) a 6= 0

0 a = 0

where vq(a) denotes the smallest k such that ak is nonzero. This norm

then induces the same topology on Zq as the projective limit does.

With this preparation we can now �nd closed subgroups of Ẑ by

�nding closed subgroups of Zq.

Lemma. For any k ∈ N ∪ {∞} the sets

Hk = {a ∈ Zq | |a|q ≤ q−k} = {a ∈ Zq | a =
∞∑
l=k

alq
l}

are closed subgroups of Zq with

|Zq/Hk| = qk.

Conversely if H is a closed subgroup of Zq then there is some k ∈
N ∪ {∞} such that

H = Hk.

Proof. By the power series representation of the elements of Hk one

can easily see that Hk is a closed subgroup in Zq with |Zq/Hk| = qk.

Now let H be a closed subgroup of Zq. Since the values of the

norm are discrete and bounded above by 1 there is some a ∈ H with

maximal norm |a| = q−k. We will now show that the closure of the

group generated by a is Hk. To do so we have to show that for any

element b ∈ Hk and every m ∈ N, m ≥ k there is some n ∈ Z such that

|an− b|q ≤ q−m. Let am,k =
∑m−1

l=k alq
l−k and bm,k =

∑m−1
l=k blq

l−k. We

have to choose n such that

an ≡ b mod qm,

which can be reduced to

am,kn ≡ bm,k mod qm−k.

Since am,k 6≡ 0 mod q the number n can be chosen as required. So

Hk is generated by a and hence Hk is a subgroup of H. Now we get

Hk = H because a has maximal norm in H. �
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Let kq ∈ N ∪ {∞} and de�ne Hq,kq as the closed subgroup of Zq of
index qkq . Then the Cartesian product

∏
qHq,kq is a closed subgroup

of Ẑ and we denote it as
∏

q q
kq Ẑ.

If all kq are �nite and almost all of them are zero then m :=
∏

q q
kq

is �nite and we get that

|Ẑ/mẐ| = m

and hence mẐ is an open subgroup of Ẑ. By the fundamental theorem

it correspond to the �nite �eld Fpmn .

Otherwise
∏

q q
kq Ẑ is not open and corresponds to the in�nite �eld

given by

F
pn

∏
qkq =

⋃
lq≤kq ,m=

∏
lq

Fpmn .

For example the subgroup 2∞Ẑ corresponds to

Fpn2∞ =
⋃
l∈N

F
pn2l .

For the �eld Q the determination of the absolute Galois group is

much more complicated. The Galois group Gal(Q/Q) is still not very

well understood. For example there is still no proof for the following

inverse Galois theorem.

Conjecture. (inverse Galois problem) Let G be a �nite group. Then

there is a �eld extension F/Q such that Gal(F/Q) ∼= G.

For abelian extensions ofQ however (i.e. Gal(K/Q) is abelian) Kum-

mer theory gives a complete description of the Galois groups. The basic

result is the following

Theorem. (Kronecker-Weber) Let K/Q be a �nite abelian Galois ex-

tension. Then there is some root of unity ζ such that K is a sub�eld

of Q(ζ).3

This theorem allows us to fully understand the Galois groupGal(Qab/Q)
where Qab denotes the maximal abelian Galois extension of Q. To do

so we need an easy lemma.

Lemma. Let ζ be a primitive n-th root of unity in Q. Then the exten-

sion Q(ζ)/Q is Galois and its Galois group is given by

Gal(Q(ζ)/Q) ∼= (Z/nZ)∗

3A proof can be found in [4, p.253�] or [5, p.341].
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Proof. Any automorphism σ ∈ Gal(Q(ζ)/Q) is uniquely determined

by the value σ(ζ) which also has to be a primitive n-th root ζkn with

gcd(k, n) = 1. Furthermore for any two automorphisms σ and τ we

have (σ ◦ τ)(ζ) = σ(ζ)τ(ζ). Hence Gal(Q(ζ)/Q) ∼= (Z/nZ)∗. �

Now the Galois group Gal(Qab/Q) is isomorphic to the projective

limit Ẑ∗ = lim←−n∈N(Z/nZ)
∗ .
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