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PREFACE

The aim of this paper is to give an introduction to infinite Galois
theory and especially to understand the absolute Galois group of finite
fields. To do so I will give a brief review of the definitions and results
of classical Galois theory and apply them onto the case of finite fields.
Then T will give a proof of the fundamental theorem of Galois theory
that gives a direct link between intermediate fields of a field exten-
sion and subgroups of its Galois group. To generalize it to the infinite
case however I will need the notion of the Krull topology which leads
to the definition of the projective limit, a very powerful tool of cate-
gory theory. Finally I will use the generalized fundamental theorem to
compute the absolute Galois group of finite fields and to determine its

intermediate fields.

1. DEFINITIONS AND RESULTS FROM CLASSICAL (GALOIS THEORY

This chapter recalls the definitions and results from classical Galois
theory that we will use in this paper.

At first we define the most important tool to characterize fields.

Definition. Let F' be a field and let ¢ : Z — F be the canonical ring
homomorphism defined by (1) = 1. Then ker(y) is an ideal of Z
and hence isomorphic to nZ for some n € Z>y. Now one defines the
characteristic of F' to be n (char(F) = n).
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Since F' has no zero divisors the ring im(v) = Z/nZ doesn’t have
any either. So n has to be either 0 or a prime and F' contains a field
isomorphic to Q or [, = Z/pZ respectively. This field is called the
prime field of F'. Clearly it is the smallest field contained in F'

In Galois theory we study homomorphisms F' — E of fields. Since
every homomorphism of fields is injective we can find a subfield of

which is isomorphic to F'. Hence the following definition.

Definition. A pair of fields E/F is called a field extension if F is a
subfield of E.

For any field extension E/F we have that char(E) = char(F) be-
cause the prime field has to be the same. So for every value of the
characteristic we get a distinct family of fields which contain its prime
field and there are no homomorphisms between fields of different char-
acteristic.

For a field extension E/F the field E' can be seen as an F' vector

space.

Definition. An extension E/F is called finite if E is a finite dimen-
sional vector space over F. In this case we write |E/F| = [E : F] =

dimpE = n and say that the extension F/F is of degree n. Otherwise
E/F is called an infinite extension and |E/F| = [E : F] = cc.

In particular any finite field extension £ of F, has p" elements for
some n € N. In fact we will see later that for any prime p and any
natural n there is exactly one field with p™ elements.

Galois theory only covers algebraic field extensions. Hence the fol-

lowing definitions.

Definition. We call @ € F algebraic over F' if there is a polynomial
p € F[X] such that p(a) = 0. Otherwise we call o transcendent over
F.

Lemma. (a) If p,q € F[X] are polynomials with p(a) = q(a) = 0 then
for r = ged(p, q) we also have r(a) = 0.
(b) If a € E is algebraic over F then there is exactly one monic

polynomial my r € F[X]| of minimal degree such that m, p(a) = 0.
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Proof. (a) Since F[X] is a principal ideal domain r can be written as

a linear combination of p and ¢. Hence there are a,b € F[X] with
r=ap + bq.

As an immediate consequence we get that r(a) = 0.

(b) Assume p, ¢ are monic polynomials of minimal degree n with
p(a) = g(a) = 0. Then for r = ged(p, q) we have r(a) = 0 and as r
then also has degree n we get p =q =r. O

Definition. (a) For oo € E algebraic over F' the polynomial m, p €
Flz] of minimal degree with m, p(a) = 0 is called the minimal poly-
nomial of o over F'.

(b) A field extension E/F is called algebraic if every element o € E

is algebraic.

The following theorem guarantees that there is an upper boundary

for algebraic field extension of a given field F'.

Theorem. Let F' be a field. Then there is a mazimal algebraic exten-
sion F of F such that any algebraic extension E of F is isomorphic to
some subfield of F. This extension is unique up to isomorphy and is

called the algebraic closure of F.*

So for a given field F' every algebraic field extension E of F' is a
subfield of F. The goal of infinite Galois theory is to find and charac-
terize all those intermediate fields £. To do this we need some further

notions for field extensions.

Definition. (a) A polynomial p € F[X] is called separable if it has no
repeated roots in F.

(b) We say that an algebraic extension F/F is separable if for any
a € E the minimal polynomial m, r is separable.

(¢) An extension E/F is called normal if any polynomial p € F[X]
which has a root in F splits into linear factors over E.

(d) Finally we call a field extension Galois if it is algebraic, normal

and separable.

We can now define the Galois group of an extension E/F which is

what Galois theory is about.

'A proof can be found in [1, p.104ff].
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Definition. Let £//F be a Galois extension. Then the group of auto-
morphisms on E that fix F is called the Galois group Gal(E/F) of E

over F.
Gal(E/F) = Autp(F) = {0 € Aut(E) : o|p = idr}.

For later use we state the following facts about finite fields and finite

extensions.

Lemma. Let F' be a finite field. Then its multiplicative group F* is

cyclic.

Proof. Since the group F'* is abelian and finite it is isomorphic to some
product (Z/niZ) X --- x (Z/niZ) with ny | ny | -+ | ng. So for every
element in a € F* its order is some divisor of ni.Hence all elements
of F* are roots of the polynomial X" — 1 and hence |F*| < ng. So
F* = 7Z/n,Z is cyclic. O

Theorem. (primitive element) Let E/F be a finite separable extension.
Then there is some o € E such that E = F(a).

Proof. We first assume that F' is finite and hence F is finite. Then the
multiplicative group E* is cyclic and there is an element o € E that
generates E* and hence also generates I as a field extension of F'.

Now we look at the case where F is infinite. Since E is finitely
generated over F' it suffices to show that for £ = F(a,b) there is
some « that generates E. Let n = [E : F] be the degree and since
E/F is separable there are n pairwise disjoint elements o7, ..., 0, in
Homy(FE, F). Consider the polynomial

P =[]((oi(a) = oj(a)) + (0:(b) — 0(b)) X).
i#]
The polynomial P € F[X] is nonzero because for any i # j there is
either 0;(a) # o;(a) or 0;(b) # o;(b). Since F is infinite and P has
only finitely many roots there is some ¢ € F such that P(c) # 0. That

implies that the elements
oi(a) + co;(b) = o5(a+cb) € F

are pairwise disjoint. So the minimal polynomial f of a + ¢b has n
different roots and is therefore of degree n. So a = a+cb is a generator
of E over F. O
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Lemma. Let E/F be a finite Galois extension. Then |Gal(E/F)| =
[E: F].

Proof. We have that F = F(«a) for some o € E. For the minimal
polynomial m, p of @ we have that deg(m,r) = [E : F] and since
« is separable it has [E : F| different roots. Now any automorphism
o € Gal(E/F) is uniquely determined by the value of o(«) which can
be any of the roots of m, p. So Gal(E/F) = deg(mar) =[E: F]. O

The most important infinite Galois groups are the so called absolute

Galois groups.

Definition. (a) Let F be a field. Then the field F' of separable elements
over F in F is called the separable algebraic closure of F.

(b) The Galois group Gal(F/F) is called the absolute Galois group
of F.

(¢c) If F = F then F is called a perfect field.

Lemma. Every field F' of characteristic 0 is perfect.

Proof. Let a be an arbitrary element in F and m = X" 4+ ¢, X" ' +
-+« +co € F[X] be its minimal polynomial. Since its formal derivative

m =nX""t 4+ (n—1De X" 244

is nonzero the element a cannot be a zero of m’ and hence a is not a

repeated root of m. So a is separable and F' is perfect. O

We will see later that every finite field is also perfect. So the only
case where inseparable extensions occur is the case of extensions of
infinite fields with characteristic # 0.

2. FINITE FIELDS

We have seen above that any finite field F" has a prime characteristic
p and hence contains a subfield with p elements. Now we want to study
finite fields and all their Galois extensions. At first we will define the

so called Frobenius homomorphism.
Definition. Let F' be a field with char(F) = p. Then the map
op F'— F

x> P



is called the Frobenius map.

Remark. The Frobenius map is in fact a homomorphism because for
any given x,y € F' we have
pp(ry) = (2y)" = 2Py” = p()ep(y)

and
op(r+y) = (v+y)P

= P+ (f)xplvaer (pf 1)96yp1 +y"

= 2"+’ = () + p(y)
where we used that for 1 < k < p—1 we have (i) is divisible by p and
hence vanishes in F.

Now we can proof the following theorem.

Theorem. For any power of a prime p™ there is a field with p™ elements

and every two such fields are isomorphic to each other.

Proof. Let F, be the field with p elements and f = X?" — X € F,[X].
Then f’ = —1 and so f is separable. Hence f has p™ distinct roots
i, ..., in F, including all the elements in F,. Let o and 3 be two

of those roots. Then

fla=p) = (a=p)" —(a—p)

and

flap™) = (af™)" —ap™
= apnﬁfpn _ aﬁfl
= afl—ap =0
S0 set of those roots forms a field F,» with p" elements that contains
F, as a subfield.
Let E be a field with p"” elements. Then for every element a € E*

we have "' = 1 and hence every element in E is a root of X?" — X
in]PTp. So E = Fpn. O
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This explains the structure of finite fields. To fully understand these
we can now determine the possible field extensions and the automor-

phism groups of the finite fields.

Theorem. Let Fym and Fyn be finite fields. Then Fpn /Fym is a field
extension if and only if m | n. In this case the extension is Galois and
its Galois group G is cyclic with - elements and generated by the m-th

power of the Frobenius homomorphism o,,.

Proof. If Fymis a subfield of Fy» then F,» is a vector field over F,» and
hence m | n. Conversely if m | n then the polynomial X?" — X divides
X?" — X and so Fyn /Fym is a field extension.

The extension is finite and hence algebraic. It is separable because
Fyn = Fym () for a primitive root o of X?"~! — 1 and « is separable.
Finally it is normal because the polynomial X?" — X splits into linear
factors and contains all the elements.

Clearly the Galois group G has [Fpn : Fym] = 2 elements. Consider

the relative Frobenius homomorphism
gppm . IFpn — IFpn

m
a— a?

which is an element of G. Then ¢, has some order d < 2. Now

d < 2 would imply a?™ = a for every element a € F,» which is a

contradiction. So d = ;- and hence ¢,m generates the Galois group

G. 0

To close our discussion about finite fields we will now try to under-

stand the algebraic closure of a finite field.

Theorem. For I, the algebraic closure is given by E =U, e Fprn-

neN

Proof. At first we show that Fye = |J,cnFpr is a field. Let a and b
be two of its elements. Then there are natural numbers m, n such that
a € Fym and b € Fpn. So a,b € Fymn C Fpe and hence a — b and ab™*
are in [Fe.

Now we have to show that F,~ is algebraically closed. Let f €
Fpe [X] be a polynomial. Then the coefficients of f lie in some [F,» and
hence its roots lie in some finite extension of F, .. So f splits in linear

factors and hence [ is algebraically closed. U



As an immediate consequence we get the following
Corollary. Every finite field Fyn is perfect.

Proof. Every element a € IET, is an element of some F,x and is therefore

separable. So IE‘_p/IFpn is separable. Il

3. THE FUNDAMENTAL THEOREM OF (GALOIS THEORY

Definition. Let F/F be a Galois extension and G = Gal(E/F) be its
Galois group. For any subgroup H of G denote the subfield of E that
is fixed under H by

E¥ ={ac E|o(a)=aVo € H}.

For finite Galois extensions E/F we can now characterize the inter-

mediate fields using the following

Theorem. (fundamental theorem of Galois theory) Let E/F be a Ga-
lois extension and G = Gal(E/F) be its Galois group. Consider the

maps

a:{H<G} — {K|F<K<F}
H — Ef

and

B:{K|F<K<E} - {H<G}
K — Gal(E/K)

(a) Then avo f =1id. In particular « is surjective and [ is injective.

(b) If E/F is finite then « and B are bijective and f o a = id.

(¢) Let K be an intermediate field of E/F. Then K/F is a normal
extension if and only if H = Gal(E/K) is a normal subgroup of G.

Proof. (a) Let K be an intermediate field of E/F. First we will prove
that /K is always Galois to see that H = Autk(FE) is a Galois group.
Since E/F is normal it is clear that E/K is also normal. To prove that
E/K is separable consider an element a € E and a maximal system
of elements oy, ...,0, € H such that oy(a),...,o,(a) are pairwise dif-

ferent. Such a finite system always exists since a is algebraic over K.
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Consider the polynomial

T

£ =TIx -~ aia).

i=1
Every o € H induces a bijective map from {o(a), ..., o.(a)} onto itself
and hence the coefficients of f are all fixed under H. So f is a separable
polynomial in K[X] with root a. So every a € E is separable over K
and hence F/K is Galois.

Now we have to show that £ = K. By definition of E¥ we imme-
diately get that K is a subfield of E#. Now assume K # Ef. Then
there is some a € E\ K with some minimal polynomial with degree
at least 2. Since a € F is separable over K there is some b # a and
some o € H such that o(a) = b. But that contradicts the fact that «
is fixed under H. So E¥ = K and a o 8 = id.

(b) Let H be a subgroup of G and K = E¥ be the corresponding
fixed field. Since E/F is finite so is G and hence H as a subgroup.
So let n be the number of elements in H. Since E/K is finite and
separable there is a primitive element a € E. Then by the argument
in (a) we have that [E : K] = [K(a) : K] < n = ord(H). Since H
fixes the elements in K it is a subgroup of Gal(F/K) = Autk(F). But
since

ord(Gal(E/K)) =[E: K] <n=ord(H)
we have that Gal(F/K) = H and hence [ o a = id.
(c) Let K/F = E"/F be normal. Then the map

¢: G — Gal(E" )F)

o 0|gu

is a surjective group homomorphism with ker ¢ = H. So H is a normal
subgroup of G.

Conversely let H be a normal subgroup. To show that K/F = Ef /F
is normal we have to show that any F-homomorphism o : B — F is
mapped into Ef. Since E/F is normal we have that o(Ef) C E. Now
let b € o(E™) and say o(a) = b. Now let 7 € H. Since H is normal
there is some 7" € H such that 70 = o7’ and 7(b) = 70(a) = 07'(a) =
o(a) =b. So b € E* and hence o(E?) C EH. O

Remark. As an immediate consequence of (¢) we get the following fact.
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If E/F is a Galois extension and K be an intermediate field with
K/F normal. Then the maps
t:Gal(E/K) — Gal(E/F)
oo
and
¢ :Gal(E/F) — Gal(K/F)
o olg

are group homomorphisms and the sequence
1 — Gal(E/K) = Gal(E/F) %5 Gal(K/F) — 1
is exact (i.e. ime = ker ¢).

Example. For a field extension of finite fields Fyn /F,m the fundamental
theorem says that the intermediate fields F,» with m | k | n correspond
to the unique subgroup Gal(Fyn/Fx) = Z/3FZ of Gal(Fyn/Fpm) =
7| %1

If E/F is infinite then then « is not injective in general. This can

be seen in the following example.

Example. Let p € N be a prime and F, be the field with p elements.
Then the extension F,/F,, is infinite. Tts Galois group G' = Gal(F,/F,)
contains Frobenius automorphism
p - IETD - E
x — ab.
'—F,=F,°.

If o was injective then we would get G = (¢,). We will now construct

The only elements fixed by ¢, are those in IF,. So IF_pwp

an automorphism ¢ € G that is not a power of ¢,. Let (a,)nen be a

sequence of integers such that
a, = a,, mod m

holds if m | n and such that for any a € Z there is some n € N with
an # a mod n. For example we can write n = n/p*™ with ged(n’, p) =
1. Then there are some integers x,,, such that 1 = n'x, +p”P(”)yn.

Now the sequence a,, = n'x,, fulfills the above conditions. Now let

Y = " |r,. € Gal(Fpn /Ty).
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If Fym C Fpn then m | n and therefore

am

]prn - ¢m

So the sequence (¢,)nen defines an automorphism 1 on F,. But ¢ is

¢n’Fp7n - Soan |Fp7n - ('D

not a power of ¢ since otherwise we would have that ¢» = ¢* for some
a € Z and hence

an

SO Fpn - wn == ¢|1Fpn - spathn

and so a, = a mod n for every n € N which was outruled by construc-

tion.

In order to get an infinite analogue to the fundamental theorem we

will have to define a topology on our Galois group.

4. THE KRULL TOPOLOGY

Definition. A topological group G is a group which is also a topologi-
cal space such that the group operation o and the inverse mapping -—*

are continuous functions on G.

Lemma. Let G be a topological group.
(a) If H is an open subgroup of G then H is closed.
(b) If H is closed and of finite index (i.e. |G/H| is finite) then H is

open.

Proof. (a) If H is open so are all the left cosets gH for g € G. Hence
G\H = ¢y gH is open and hence H is closed.

(b) If H is closed so are all the left cosets gH for g € G. Since
H is of finite index there are only finitely many left cosets. Hence
G\H = |, g5y gH is closed and hence H is open. O

Example. (a) Any group G together with the discrete topology (i.e.
every subset of G is open) is a topological group.

(b) Any group G together with the trivial topology (i.e. only () and
G are open) is a topological group.

(c) Every Lie group is a topological group. For example the groups
of matrices GL,(R), GL,(C), O(n), SO(n) or SU(n) are Lie groups

and therefore topological groups.

Definition. Let E/F be a Galois extension and G = Gal(E/F'). For
o € G we define a neighborhood basis of ¢ via the sets cGal(E/K)
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where K/F runs through all finite Galois extensions of F' in E. This
induces a topology on G, the so called Krull topology.

Lemma. Let E/F be a Galois extension and G = Gal(E/F). Then
the Krull topology makes G a topological group.

Proof. To prove continuity of the multiplication we have to show that
for any elements 0,7 € G and for any neighborhood W in the neigh-
borhood basis of o7 there are neighborhoods U and V of ¢ and 7
respectively such that
U-VCcw.

So let K/F be a finite Galois extension and W = o7Gal(E/K). Then
for U = 0Gal(E/K) and V = 7Gal(E/K) we have that U -V = W.

Similarly to prove continuity of the inverse function we observe that
for any 0 € G and for W = 07 'Gal(E/K) there is U = 0Gal(E/K)
such that U1 = W. So G is a topological group. O

Remark. (a) If E/F is finite then for every o € Gal(E/F) the set
{o} = 0Gal(E/FE) is open. So in this case the Krull topology is just
the discrete topology on Gal(E/F).

(b) Let R = (K;);cr be the set of all finite extensions K;/F lying in
E. Let f; : Gal(E/F) — Gal(K;/F) be restriction mappings. Then
the Krull topology on Gal(E/F) is the coarsest topology such that all
fi are continuous if we consider the discrete topology for Gal(K;/F).

Proof. (of (b)) In any topology on Gal(FE/F') where all f; are continu-
ous, the sets cGal(E/K;) = f; (o) are open. Since the Krull topology
is defined by these sets, it is the coarsest such topology. U

Proposition. Any Galois group G = Gal(E/F) is Hausdorff, compact

and totally disconnected.

Proof. To prove that GG is Hausdorff let 0 and 7 be two different ele-
ments in G. Then there is some finite Galois extension K/F such that
olx # T|k. Then cGal(E/K) # 7Gal(E/K) and since these are cosets
of Gal(E/K) they are disjoint.

The restriction f; : Gal(E/F) — Gal(K;/F) induces an injective
continuous homomorphism

f:Gal(E/F) — || Gal(K;/F)

iel
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which we can understand as an inclusion. The set [],., Gal(K;/F)
is a product of finite discrete and hence compact topological spaces.
The theorem of Tychonoff then guarantees that the product is compact
itself. So to show that Gal(E/F) is compact we only have to prove that
it is closed in the product space [[,.; Gal(K;/F). To do so consider
a point (07)ier € [l;e; Gal(K;/F) which is not a point in Gal(E/F).
Then there are some indices 7, k € I such that K; C K}, but 0k|Kj # 0;.
Then the set {(0;)ics € [T;c; Gal(K;/F) | 0; = 0,0, = ok} is an open
neighborhood of (0;);c;r which is disjoint to Gal(E/F). So Gal(E/F)
is closed and hence compact.

To see that Gal(E/F) is totally disconnected, let (0;)ic; and (o;)ser
be two different elements of [[,.; Gal(K;/F). Then there is an index
j € I such that o; # O';-. Then define open sets V' = [[,.,; Vi and
V' =1L Vi in [1c; Gal(K;/F) via

Gal(K;/F) i# ]
{o;} i=J

%

and

Gal(K;/F)\{o;} i=j
Then (0;)icr €V, (0;) € V' and [[,.; Gal(K;/F) is the disjoint union
of V.and V'. So [],.,; Gal(K;/F) is totally disconnected. O

el

5. THE PROJECTIVE LIMIT AND PROFINITE GROUPS

To understand infinite Galois groups it is of advantage to see them
as a projective limits of finite Galois groups. Hence the following defi-

nition.

Definition. Let (7,<) be a partially ordered set such that for any
i,7 € I there is some k € [ that satisfies i,7 < k. Let (G;);er be a
family of topological groups and for any 7 < j let f;; : G; — G, be a

continuous homomorphism satisfying
fu=1d Viel

and
fie = fijo fu Vi <j <k
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Then we define the projective limit of ((G;)ier, (fij)ijeri<j) as the sub-
group
G =lime,G; = {(g:)ier € | [ Gi | fi5(95) = a¥i,j € I}
el
of the direct product of the groups G; together with the natural pro-
jections f; : G — G;. The topology on G is then defined to be the

coarsest topology such that all projections f; are continuous.

Theorem. Let E/F be a Galois extension and (K;);cr be the set of
fields K; < E which are finite Galois extensions of F. Define G =
Gal(E/F), G; = Gal(K;/F) and for any K; < K; define

fij : Gj — Gi

o0

K-

Then G is isomorphic to the projective limit of ((Gi)ier, (fij)ijeri<i)

with the projections fi(o) = o|k,.

Proof. We will show that the map

0:G— le?Gal(K,»/F)
1€

o — (0|k,)ier
is an isomorphism of topological groups.

Let 0,7 € G with 0 # 7. Then there is some finite extension K;
such that 0|k, # 7|k, and so ¢ is injective. The map ¢ is surjective
by definition of the projective limit. It is a group homomorphism by
construction and the topology is the same since the Krull topology on

G is the coarsest topology such that ¢ is continuous. U

In general a topological group is called profinite if it is an inverse limit
of discrete finite groups or equivalent if it is Hausdorff, compact and
there is a neighborhood basis of 1 that consists of normal subgroups.
So all Galois groups are profinite groups. In fact it can be proved that

any profinite group is a Galois group.?

2For further information on profinite groups see [5, p.278ff].
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6. THE FUNDAMENTAL THEOREM FOR INFINITE (GALOIS
EXTENSIONS

With the Krull topology we can now generalize Galois’ theorem. For

the proof we will need the following

Lemma. Let E/F be a Galois extension, H < Gal(E/F) be a sub-
group. Then Gal(E/E") = H.

Proof. By definition of Ef the group H is a subgroup of Gal(E/E™).
Let (K;)icr be the family of intermediate fields of E¥ /F such that K;/F
is finite and Galois. Since Gal(E/K;) is an open subgroup of Gal(E/F)
it is also closed and so the Galois group Gal(E/E") = ,.; Gal(E/K;)
is closed as well. It remains to show that H is dense in Gal(E/E™). To
do so let 0 € Gal(E/E™). Then any neighborhood of o contains some
oGal(E/K) where K = K, for some i € I. We have to prove that there
is some 7 € H NoGal(E/K) which is equivalent to 7|k = o|x. Now
let Hx = {h|x € Gal(K/F) : h € H}. Then by the Galois theorem
for finite extensions Hx = Gal(K/K!x) and so o|x € Hy. Hence the
required 7 exists and H is dense in Gal(E/E®). O

Theorem. Let E/F be a Galois extension and G = Gal(E/F). Con-

sider the maps

a:{H<G:H=H} - {K:F<K<E}
H — EB7

and

B {K:F<K<EFE} - {H<G:H=H)}
K — Gd(E/K)
Then o and B are bijective and inverse to each other.

Additionally if H is open then E™/F is finite and H is also closed
and vice versa.

Proof. The first statement is an immediate consequence of the classical

Galois theorem and the lemma above.
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Now let H be an open subgroup of G and hence also a closed sub-
group by the lemma in section 4. Furthermore H contains an open
neighborhood of the identity. So there is some field K such that K/F
is finite and Gal(E/K) is a subgroup of H. So E* is some subfield of
K and therefore Ef /F is finite.

Conversely if E# /F is finite and H is closed then H is of finite index

in G and hence open. O

7. EXAMPLES FOR INFINITE (GALOIS GROUPS

The easiest example for infinite Galois groups is the absolute Galois
group of a finite field .

Since [F,» is algebraic over IF), and a perfect field, its separable closure
is just the algebraic closure E. The finite field extensions of F,. are
the fields Fymn for m € N.

Let G = Gal(F,/Fyn) and G,, = Gal(Fymn /Fpn) = Z/mZ. So
G = @meNGm o @meN(Z/mZ). This projective limit then has the
additive structure of the so called Priifer ring

A

7 = I'aneN(Z/mZ)
= {(am)men € [[(Z/mZ) | ax = a,, mod kVk | m}
meN

with ordinary addition (a,)nen + (bn)nen = (an + bn)nen and multipli-
cation (an)nen * (bn)neny = (anbp)nen. In particular G = 7 is abelian
and hence any Galois group over a finite field is abelian. Furthermore
any subgroup of GG is normal and hence every extension is normal.

For a better understanding of the absolute Galois group G we will

state some important properties of YA

Remark. The canonical ring homomorphism
V7 — Z
a — (a)nen

is injective and hence Z can be seen as a subring of Z.

In terms of the Galois group the subgroup corresponding to Z is the
subgroup H of G generated by the Frobenius automorphism ¢,» which

appears as the element (1),ey in Z. However as we have seen in section
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3 there are elements in 1) € G that are not in H. But as topological
groups we get H = G (i.e. H is dense in G).

Now we analyze the structure of 7 by the following theorem.

Theorem. Let g be a prime and Z, = @keN(Z/qu) be the so called

11z
q

q-adic integers. Then

I

Z
as topological rings.

Proof. We will show that [] o Lq, together with some canonical homo-
morphisms f; : [[,Z, — Z/iZ, fulfills the properties of a projective
limit of the system (Z/iZ);en+. Let i € N\{0} be an arbitrary pos-
itive integer with prime factorization i = Hq ¢**®. By the Chinese

remainder theorem there is a canonical isomorphism

z)iz. > [ 2/q"z.
q

So the natural projections p; : [[, Z, — T[], 7./q" W7 correspond to

homomorphisms

fi: 112, — z/iz.

If i | j then those homomorphisms f; match with the projections f;; :
Z[jZ — Z/iZ. By definition of fithe topology of [], Z, is the coarsest
topology such that all f; are continuous.

To show that ([],Zq, f;) is a projective limit of (Z/iZ, fi;) as rings
we choose a ring R with homomorphisms h; : R — Z/iZ, which match
with the maps f;;. For every prime ¢ we then get homomorphisms h; 4 :
R — Z/q"""Z. So there are homomorphisms h, : R — @UGNZ/q”Z
and alltogether we get a ring homomorphisms h : R — [] ¢ Lq with
hi = fioh. So [],Z, is a projective limit of Z/iZ and hence [, Z, is
isomorphic to Z. O

For the elements a = (ax)ren of Z, we have ax = a,, mod k for all

k < m and hence we can also write them as power series

a= Zaqu

keN
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where > " axg” = G, and a; € {0,...,p — 1}. Now we can define a

norm on Z, by
q_UQ(a) a 7£ 0
0 a=20

’a|q =

where v,(a) denotes the smallest k such that ay is nonzero. This norm
then induces the same topology on Z, as the projective limit does.

With this preparation we can now find closed subgroups of 7 by
finding closed subgroups of Z,.

Lemma. For any k € NU {oco} the sets

oo

Hy={a€Z| |a|q§q_k}:{a€Zq|a:Zalql}
=k

are closed subgroups of Z, with
Zy/Hi| = qk'

Conversely if H is a closed subgroup of Z, then there is some k €
NU {co} such that
H = H,.

Proof. By the power series representation of the elements of Hj one
can easily see that Hy is a closed subgroup in Z, with |Z,/H| = ¢"*.

Now let H be a closed subgroup of Z,. Since the values of the
norm are discrete and bounded above by 1 there is some a € H with
maximal norm |a| = ¢7*. We will now show that the closure of the
group generated by a is Hy. To do so we have to show that for any
element b € Hy and every m € N, m > k there is some n € Z such that
lan —bl, < ¢7™. Let app = Zﬁ;l aig" =% and by, = ﬁ;l big=*. We
have to choose n such that

an = b mod ¢,
which can be reduced to
A ;T = by ), mod gk

Since @, # 0 mod ¢ the number n can be chosen as required. So
Hy is generated by a and hence Hy is a subgroup of H. Now we get
H, = H because a has maximal norm in H. O
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Let k, € NU {oo} and define H,;, as the closed subgroup of Z, of
index ¢*s. Then the Cartesian product Hq H, ra is a closed subgroup
of Z and we denote it as I, VA

If all k, are finite and almost all of them are zero then m :=[], gk
is finite and we get that

|Z/mZ| = m
and hence mZ is an open subgroup of Z. By the fundamental theorem
it correspond to the finite field Fymn.

Otherwise [] . qqu is not open and corresponds to the infinite field
given by

Fomae = U Fpee
lq<kq,m=[1lq
For example the subgroup 27, corresponds to
Fprae = | JF .
leN

For the field Q the determination of the absolute Galois group is
much more complicated. The Galois group Gal(Q/Q) is still not very
well understood. For example there is still no proof for the following

inverse Galois theorem.

Conjecture. (inverse Galois problem) Let G be a finite group. Then
there is a field extension F'/Q such that Gal(F/Q) = G.

For abelian extensions of Q however (i.e. Gal(K/Q) is abelian) Kum-
mer theory gives a complete description of the Galois groups. The basic

result is the following

Theorem. (Kronecker-Weber) Let K/Q be a finite abelian Galois ex-

tension. Then there is some root of unity ¢ such that K s a subfield
of Q(¢).?
This theorem allows us to fully understand the Galois group Gal(Q®*/Q)

where Q% denotes the maximal abelian Galois extension of Q. To do

so we need an easy lemma.

Lemma. Let  be a primitive n-th root of unity in Q. Then the exten-

sion Q(C)/Q is Galois and its Galois group is given by
Gal(Q(¢)/Q) = (Z/nZ)"

3A proof can be found in [4, p.253ff] or [5, p.341].
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Proof. Any automorphism o € Gal(Q(¢)/Q) is uniquely determined
by the value o(¢) which also has to be a primitive n-th root ¢* with

ged(k,n) = 1. Furthermore for any two automorphisms o and 7 we

have (o o7)(¢) = 0(¢)7(¢). Hence Gal(Q(¢)/Q) = (Z/nZ)*. O

Now the Galois group Gal(Q%?/Q) is isomorphic to the projective
limit 2* = lim,en(Z/nZ)" .
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