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1. INTRODUCTION

The main issue of this paper is to introduce the arithmetic prod-
uct, the most important product on the set CN of number-theoretic
functions. This set forms an integral domain under ordinary addition
and the arithmetic product. In opposition to the set of formal power
series in one variable the domain CY is not a principal ideal domain.
But we will see that it is isomorphic to the ring C,, of formal power
series in countably infinitely many variables. This fact will make it a
lot easier for us to understand the ring CY in more detail. We will
conclude that the units in our ring are all number-theoretic functions
f with f(1) # 0 and that we can transfer the concept of the degree
from C,, to CV. Furthermore we will see that the set of multiplicative
number-theoretic functions forms a subgroup of the group of units. Fi-
nally we will be able to show that CN is a factorial ring. This has been
an unsolved problem until 1959 when Cashwell and Everett proved it
for the first time in [2].



2. DEFINITION AND EXAMPLES

In the following n will always stand for a natural number that has
the special prime factorisation n = [[;-, p;"" where p; are the prime
numbers (w.l.o.g. we may assume p; = 2, po = 3 etc.), a; € Ny and
o; = 0 for almost all 7.

Any map f from the natural numbers N into the complex field C is
called a number-theoretic (or arithmetic) function. In analysis f would
simply be some complex-valued sequence but we will look at it from a
different point of view.

Some examples are known from elementary number theory. Probably
the most famous is Euler’s totient function ¢, which counts the number
of natural numbers smaller or equal to n that are relative prime to n.

Other examples are the number-of-divisors function

k

T(ﬂ)zleH(aﬁ—l),
dln

i=1

the sum-of-divisors function
k

o)=Y d=J[@+p+-+p

djn i=1
or the function v, that counts the number of factors p in n given by
vp (n) = max{a € N: p* | n}.
But we will also need quite elementary functions like the function ey,
which is zero except for n = 1 where it has the value one
1 n=1

) = 0 n#l‘

Other elementary functions we will use are the constant function e (n) =
1 and the identity I (n) = n.
Finally there is a quite important function in number theory, the so

called M6bius function p given by

(_1)7" n=ppr

0 n not square free

p(n) =

where r > 0 and pq, ..., p, are distinct primes.
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We want to give the set of these functions some algebraic structure
that respects their number-theoretical properties.
So we define a componentwise addition on the set CY of number-

theoretic functions by

(f+g9)(n)=f(n)+g(n)

and a multiplication by the following arithmetic product
(fg)m) =D f(@Dg(5).
djn
With this product we have
exe)(n) = ede<2>: l=7(n
(xe)() =3 e@e(G) =31 =r0)
and i
(I xe) I(d <—) = d=o(n
% y dXﬂ: (n)
Thus the functions 7 and ¢ can be written as products of the elementary
functions e and I.
Note that the arithmetic product looks similar to the more elemen-
tary Cauchy product
= > fmgm—m)
meENp
which is used in the ring of complex formal power series in one variable.
We will show that the arithmetic product and the componentwise ad-
dition give the set of number theoretic functions a ring structure that
is isomorphic to the ring of formal power series in countably infinitely
many variables C, and hence an integral domain. Moreover it will turn
out to be a factorial ring like formal power series are in finitely many

variables.

3. THE IsoMmORPHISM WITH C,,

We define C,, to be the set of complex formal power series in count-

ably infinitely many indeterminates x1, zo, ... i.e. for A € C,we have

75 i1 .02
A— Al’ll’z" 3
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where the summation extends over all infinite sequences i = (i1, 1g,...) €
NY with finite support. So every term involves only finitely many vari-
ables z;, but the sum may have infinitely many terms. Like power
series in finitely many variables the set C, forms a commutative ring
with unity under ordinary addition and multiplication.

Consider the map
o.CN - C,
Foe () =) fln)afas

The map ® is injective because if ® (f) = ® (g) then for every n € N we
get f(n) = g(n) and so f = g. Moreover, for A =3 Azt z2 .- € C,
the number-theoretic function fa (n) = A; for i = (ay,aq,...) is the
inverse image of A under ®. So ® is bijective.

We note that for all f, g € CY we have

O(f+g)=) (f+9) (n)afas?--=0(f) + D (g)

neN
and
O(fxg) = Y (frg)(n)afiag®-
neN
= Z Z Fdy)g(do) a2
neN dido=n
= (Zf(dnxflx?---) (Zg<d2>lex;2--~)
d1eN d2eN
= (f)®(g)
where dy = p?'p5? .-+ and dy = p*p2* - - -. Hence CV is also a commu-

tative ring with unity and ® is an isomorphism of rings.
With this isomorphism we can show some easy relations between
number-theoretic functions. First note that the unity in CNis &1 (1) =

€0.



For the constant function e (n) = 1 we have

d(e) = Ze(n yax{tag? .- —fo‘lxgz---

neN neN

() (m)
a1€Np az2€Np

= H (1 —m;)"
i=1

Similarly for 7 we can compute

o (r) = ZT(TL g :ZH (a; + 1) z)7)
€N ieN

neN ne
= II( (a; +1) “J I[1+2@+3ﬁ+~~)
1€EN \;ENp eN
= JL(O+mital+) 4
ieN

= H(1+xi+x?+---)2ZH(l—%‘)_Q-

1€N 1€N

l+ai4ai+-)+--)

Not surprisingly we again conclude 7 = e x e.

Finally for the M&bius function pu we get

Q(n) = Y pln)afag--

neN
= II > oap=Tl0-=)
i€N a;€{0,1} ieN

hence the Mobius function is the multiplicative inverse to e.
With this in hand, we easily deduce the so called Mobius inversion

formula. If f is a number theoretic function and F' is its summatorial

=> f(d)

dln

function given by

then f can be expressed by F' as

-Sran ()

din
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We deduce another interesting relation between the Mobius function
and the floor function |-| by the following equalities:

n

1= Zeo<m>:i2md>e(§) -

m=1 m=1 d|m
= > ) u(d

- Suia]3)

4. NORM, DEGREE AND UNITS

a3

In order to determine which functions in CN do have an inverse we
have to define a norm N as follows. For any nonzero number-theoretic
function f € CN we define N (f) to be the smallest natural number n
such that f (n) is nonzero. For f = 0 we additionally define N (f) = 0.

If f and g are nonzero functions in CN with N (f) = a and N (g) = b
then for every n < ab we get (f *g) (n) = 0 and for n = ab we have
(f %) (n) = f (a) g (8) £ 0. So N (fxg) = N (f) N (g) i.e. the norm
N is a multiplicative function. An immediate consequence is that CN
has no proper divisors of zero i.e. CN is an integral domain.

Obviously every unit v must have N (u) = 1. To see that the converse
is also true let u be in CY with u (1) = ¢ # 0. We have to find u’ such
that u - u' = eg. For n = 1 this implies v’ (1) =  and for n # 1 we get

c

Zu (d) v’ (g) =¢e(n) =0.

dn
Consequently for v’ (n) we get

u’n:—1 udu'<2>.

=3 Sl (G
Since 5§ < n for d > 1, v/ (n) can be constructed inductively using the
above equation. This shows that all u € CY with u (1) # 0 are units.
In view of the isomorphism onto C,,, we conclude that all formal power
series with a nonzero constant term are invertible just as in the case of
formal power series in one variable.
For formal power series one can define its degree as the smallest

degree of its nonzero monomials. To carry over this notion to our
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number-theoretic functions we will at first define A (n) as the number
of prime factors in n (i.e. A(n) = ay +---+ag). Then for any nonzero

number-theoretic function we define its degree as

D(f) =min{X(n) : f(n) # 0},

which corresponds to the given definition on C,. Hence for nonzero
f, g € CN the equation

D(fxg)=D(f)+D(g)

holds. Furthermore f is a unit if and only if D (f) = 0.

5. THE GROUP OF MULTIPLICATIVE FUNCTIONS

We call a nonzero number-theoretic function f multiplicative if for

any relatively prime natural numbers m and n we have

fmxn) = f(m)f(n).

For n = 1 this yields f(m) = f(m) f (1) and since f is nonzero
(f (m) # 0 for some m) we get f (1) = 1. So in particular all multi-
plicative functions are units.

For n > 1 we get
fn)=f@8) - f ")
and we can conclude that f is uniquely determined by its values at the
powers of primes.
The set M of multiplicative functions play an important role in num-
ber theory since most of the important number theoretic functions are
multiplicative (e.g. ¢, 7, o and p). We will see that M is a subgroup

of the group of units in CV, which underlines again the importance of

the introduced arithmetic product.



If f,g € M and m,n € N with ged (m,n) =1 then
(fxg)(mm) = 3 fd)g("F)

dlmn
- g%%%fwﬁfwﬂg<%)g(%)
- dlzl;nﬂdl)g(d—) %;ﬂdz)g(d%)
= (fxg)(m)(f*g)n).

Hence M« M C M.

It remains to show that for f multiplicative its inverse f~! is also
multiplicative. Given f in M define f’ in M as follows. For each prime
p and each natural number « > 1 let f’ (p®) be defined by the relation

S r@f(3) =0
dlp~
Since f” should be in M it is uniquely determined by those values. Now
both f and f’ are in M and we can conclude that f- f’'is in M. But by
definition (f - f') (p®) =0. So f - f' = ep and f’ is inverse to f. Hence
M is indeed a subgroup of the group of units in CV.
Another way to see this is by using the power series notation. For a

multiplicative f we have

neN neN 1eN
= H Z [ (i) agt = HSZ (@)
1€N a;€Np €N

where s; (1;) = >, cn, [ (i) 2" are formal power series in one vari-
able. Note that since f (1) = 1 the constant term in s; is always equal
to one. Conversely if s; are power series of the form
si (x;) = Z s,kxf
keNo
with s; o = 1 its formal product s corresponds to a multiplicative func-
tion f given by

/ (n) = H Si,a;-

€N
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Since formal power series of the form s = [ [,y si (z;) form a subgroup

of the group of units in C,,, so do the multiplicative functions.

6. PRIMES AND FACTORISATION

In this chapter we will show that any number-theoretic function can
be written as a finite product of irreducible elements and that this
factorisation is unique up to order and units i.e. that C is a factorial
ring.

Since D (f -xg) = D (f)+D (g) and D (f) = 0 only for units, we can
conclude that every f with D (f) = 1 is irreducible. Moreover for any
given f with D (f) = n we know that f can be written as a product
of not more than n irreducible elements. Hence every f can be written
as a finite product of irreducible elements.

To show that this factorisation is unique is far more difficult. In fact,
we will prove that if factorisation fails, then it fails already in a rather
simple way.

First divide the nonzero and non unit number-theoretic functions
into two sets: The normal elements whose factorisation is unique and
abnormal elements which can be factored in two essentially different
ways. Then all irreducible elements are normal.

Now let f be an abnormal element with minimal norm N (f). Such
f can be written in two essentially different ways as a product of irre-
ducible elements:

f=hxxfe=g1% " *g

Here no f; is associated to any g; because otherwise one could cancel
these elements and obtain an abnormal element of smaller norm. More-
over without loss of generality we may assume N (f;) < --- < N (fx),
N(g1) < --- < N(g) and N (f1) < N(g1). Then the following in-
equality chain holds

N (fi)N(g1) < N(g1) N(g2) < N(f).

Suppose now that N (f1) N (g1) < N (f) i.e. the outer inequality is
strict, and define h = f — f1g;. Then h # 0 and N (h) = N (fig1) <
N (f). So h is normal and with f; | h and g; | h we get fig1 | h. This
shows that fig1 | f = fix--+x fr and thus g1 | fox -+ x fr. Since
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fax -+ % fr is normal it follows that g; is associated to some f; which
contradicts our assumptions.

So we now know that

N (fi) N (g1) = N (f)
and therefore k =r =2 and N (fi1) = N (f2) = N (g1) = N (92).

Hence we are reduced to a situation involving only products of two
functions f; * fo and gy x go. In this case let A = @ (f1), B = ®(f2),
C =®(g1) and D = & (g2) be the power series representations of the

above factors. Now we have
AB=CD

with irreducible A, B,C, D € C,,. If A, B, C, D were irreducible formal
power series in finitely many indeterminates (i.e. elements of a factorial
ring!) we would know that A is associated to either C' or D and we

would be done.
For A = A(xy,29,...) € C, we define

(A), = A(z1,...,2,0,0,...)

to be the series we get from A by deleting all terms of A having at least
one factor z; with ¢ > [. The map A +— (A), is then an endomorphism
of rings in C,, and its image set C; is the set of formal power series in [
indeterminates. These are as already mentioned factorial rings and we
have C; C C, C --- C C,. Moreover if (A), is irreducible for some !
then (A), is irreducible as well for all k& > .

We say that a sequence S, in C,, is telescopic if for arbitrary natural
n,m with n > m we have that (S5,,),, = Sn,. Every formal power series
in C,, is defined by its monomials and every monomial contains only
finitely many indeterminates ;. So for any infinite telescopic sequence
S, there is a uniquely determined element S with (S), = S, for all
m € N.

If we could find l4, I, lc, Ip such that (A), ,(B),,,(C),.,(D)

irreducible we would be able to define | = max{l,lp,lc,lp} and for

are

I~ 155}

every k > [
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would imply that (A), is associated to (C), or (D),. The pigeonhole
principle would guarantee the existence of an infinite increasing natural
sequence (k,,) such that either (A), is associated to (C), or (A4),
is associated to (D) k.- Without loss of generality we may assume the
former case and that k,, = m. So there is a sequence U, of units in
C,, c C, with (A4),, U,, = (C),,. Moreover U, is telescopic and we get
a unit U in C,, with (U),, = U,, for every m. Now if AU # C we would
get that the power series AU — C' has some nonzero monomial. Again
this monomial has finitely many variables and hence there is some m
such that (AU — (), # 0 which is a contradiction to (A), (U), =
(C),,- So AU = C' and hence A is associated to C.

It thus only remains to show that for every irreducible A there is some
L4 such that (A), is irreducible. Assume we have A € C,, with (A),,

reducible for every natural m. Let L be the smallest natural number

m

such that (A); is nonzero. Then by assumption for every [ > L there

is some proper divisor R; of (A),. So we have a sequence

kK = {RL}
Ky = {(Roy1)p, Ro}
KRr+2 = {(RL+2)L ) (RL+2)L+1 ) RL+2}

of finite telescopic sequences «; of proper divisors of (A4);, (4),., etc.

L+

For any fixed [ > L unique factorisation holds in C; and hence there
are only finitely many non associated factors of (A4),. So infinitely
many k;, have their first entry associated to one proper divisor ;. Of
those k;, there are again infinitely many r;, , with their second entry
associated to some Rj , for which (Rz +1) ; = R} holds etc. By this

diagonal argument we get an infinite telescopic sequence

K ={R}. R} 1,...}

which then defines a proper divisor R* of A. Hence A is reducible and

the proof is complete.
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