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F�HVI+jRb[A�E¾OQ?[HV>

CLNSavNJNQa+P@u�>RA�E�i4ac<R\"A�<���A"jR?[A�NeKLA�NV\�N-<nPRHQ<RI@WSY�?[<$>@A�<�¶�HVA�PR\"PR<Ri`CJ�RPR<XM`NVA�<�>RA�H/��?BNDNJA"HJb[?[<R?BA"<�j�A�NVHVa`WSY4NJA�N *
� a`C���?BNDNVA�H�YXacj�Ah?[<

x
k=�Q?^WSY`NVPR<Ri

imax
PR<X>!?B<

y
k=�Q?[WSY4NVPR<Ri

jmax
��A�b[bBA"<|>@A�H�i+b[A�?^WSYRA"<!��HJg`x+A+�9CDI�>Xa+CVC

>@?[A���?�NJNJA"HJb[?B<X?BA"<�>@?[A��-jXCDNVz+<X>@A
δx = a

imax

PR<X>
δy = b

jmax

YXa+j9A"< *%� ?[A$��A"bBb[A'E_?�N_>@A�Eã;=<X>RA��
(i, j)A�<4NVCJ�RHV?[WSY4N
>@A"E���A�jR?[A�N

[(i−1)δx, iδx]× [(j −1)δy, jδy]
*`� ?BA � ?B¿�A"HJA"<4NJ?^acb[I+��A�HSavNJI`HJA"<qb^a+CVCJA�<'CJ?[WSY'>Ra+<R<

>@PRHSWSY � ?B¿�A"HJA"<R\�A"<XCLNVA�HV<RA�A�HSCDA�NJ\"A�< * ��A"E_z+x�>@A�H � A�äX<X?�NV?BI`<$>RA�H-�-jXbBA"?�NVPR<Ri

df

dx
= lim

δx→0

f(x + δx) − f(x)

δx
OQ?BHS>�CDIQ>@A"H7M+I`<4NJ?[<4PX?BA"HJb[?[WSYXA � ?B¿�A"HJA"<`NV?[a+bBI`�9A"HVacNJI`H df

dx

>@PRHSWSY�>RA�< � ?B¿�A�HVA�<R\"A�<RI`�9A"HVacNJI+H δf
δx

= f(x+δx)−f(x)
δxac�R�XHJI°�@?[El?[A�HJN"�@?[<X>@A"EÛ>R?BA
��?BE_A"CJjR?[b[>RPR<Ri'O]A�i`i+A�b^a+CVCJA�<�OQ?[HS> *X� ?BA
dfA�HJNJA

x
PR<X>

x + δx
CJ?B<9>�>Racj�A�?e��?�NJk

NJA"HJ�RPX<RM4NJA * do?[H_A�HVYXacbBNJA"<�CJIt>@?[A���A�NVYRI@>@A�>RA�HläX<R?BNJA"< � ?�¿�A�HVA�<X\�A�< * �/<XCVWSYXacPRb[?^WSY�?^CLN_Mnb[a+H"�U>Ra`CJCqA�?[<RA
�UA�HJu~A�?[<RA�HVPR<Ri�>@A"C���?BNDNJA"HVC"�Z> * Y * A�?[<RAh�UA"HJMnb[A�?[<RA�HVPR<Ri�>@A�Hws@WSYRHV?�NJNLO�A"?�NVA

δx
��\"P!A"?B<RA"H�j�A"CVCJA�HVA�<!�/�R�RHVI°�n?Bk

E�avNJ?[I+<$>@A�C � ?B¿�A"HJA"<4NJ?^acb^å`PXIcNJ?[A�<4NVA�<�u~}RYRHJN *
� PXA r a°Tn?BA"HDkLs4NVI+M+A�CLkL��b[A�?^WSY4PX<Ri+A"<�O�A"HV>@A"<hKLA�NJ\�N-OQ?BA�u~I`bBi+NQ>R?[CJMnHJA�NJ?^CD?[A�HJN"�9��PX<Xz+WSYXCDNQO�I`bBb[A�<�OQ?[H->@?BAqæ�HJNVCDk
acjRb[A�?BNJPX<Ri'j�A�YXa+<X>@A�b[< *�� ?[A
A"HVCDNJA
;=E_�RPXb[CJi+b[A�?^WSYnPR<Ri|«~A"HVCDNJA r a°Tn?BA"HDkLs4NVI+M+A�CLkL��b[A�?^WSY4PX<Ri4®�OQ?[HV>$?[<|>@A�<t��?�NJk
NJA"bB�RPX<RM4NJA�<t>@A�H�CDA"<RMnHJA�WSY4NJA�<|¶wa+<4NJA�<��9>@?[Aq\"O�A"?�NVA
;=E_�RPRb^CDi`bBA"?[WSYnPR<Xi!«~\"O�A"?�NVA r a°Tn?[A�HJk=snNJI+M`A"CDk=��b[A�?^WSYnPR<Rin®
?B<q>@A�<l��?�NJNJA"bB�RPX<RM4NJA�<l>@A�H�O�a+aci`HJA�WSY4NJA�<�¶wac<4NVA�<
PR<9>
>@?[A]¶�I+<4NJ?[<nPR?BNVzvNSCDi`bBA"?[WSYnPR<Xi�«Ü>@HV?�NJNJA r a°Tn?BA"HDkLs4NVI+M+A�CLk
��bBA"?[WSYnPR<Xi4®�?B<�>@A"<���A�b[bBE_?BNDNJA"bB�XPR<RM4NJA"<|acPXCJi+A"O�A"HDNVA�N *
� ?[A_�-PXCV>@HV}XWSM+Al?B<f>@A�H�A"HVCDNJA"<f��b[A�?^WSY4PX<Ri�A"HVCJA�NV\�A"<|OQ?BHwa+Eç��?�NJNJA"bB�RPX<RM4Nh>@A�H�HVA"WSY4NJA"<!¶wac<4NJAl>@A�Hh��A"bBb[A

(i, j)
�
i = 1, ..., imax− 1

�
j = 1, ..., jmax

�X>@PXHVWSY

[
∂(u2)

∂x
]i,j =

1

δx
((

ui,j + ui+1,j

2
)2 − (

ui−1,j + ui,j

2
)2 +

α

δx
(
|ui,j + ui+1,j |

2

(ui,j − ui+1,j)

2
−

|ui−1,j + ui,j |

2

(ui−1,j − ui,j)

2
)

[
∂(uv)

∂y
]i,j =

1

δy
(
(vi,j + vi+1,j)

2

(ui,j + ui,j+1)

2
−

(vi,j−1 + vi+1,j−1)

2

(ui,j−1 + ui,j)

2
) +

α

δy
(
|vi,j + vi+1,j |

2

(ui,j − ui,j+1)

2
−

|vi,j−1 + vi+1,j−1|

2

(ui,j−1 − ui,j)

2
)

[
∂2u

∂x2
]i,j =

ui+1,j − 2ui,j + ui−1,j

(δx)2

[
∂2u

∂y2
]i,j =

ui,j+1 − 2ui,j + ui,j−1

(δy)2

[
∂p

∂x
]i,j =

pi+1,j − pi,j

δx� ?[A��-PXCV>@HV}XWSM+A�>@A�H_\"O�A"?�NVA�<o��bBA"?[WSYnPR<RifA�HSCJA�NJ\"A�<�OQ?BH�acE©�|?�NJNJA�b[�RPR<XM`N�>RA�H_I+j�A�HVA�<ª¶wac<4NJA$>@A�H���A"bBb[A

(i, j)
�
i = 1, ..., imax

�
j = 1, ..., jmax − 1

�Ra+P@u�z+YR<Rb[?[WSYRA�dfA�?^CDA`�X>@PRHSWSY

[
∂(uv)

∂x
]i,j =

1

δx
(
(ui,j + ui,j+1)

2

(vi,j + vi+1,j)

2
−

(ui−1,j + ui−1,j+1)

2

(vi−1,j + vi,j)

2
) +

α

δx
(
|ui,j + ui,j+1|

2

(vi,j − vi+1,j)

2
−

|ui−1,j + ui−1,j+1|

2

(vi−1,j − ui,j)

2
)
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[
∂(v2)

∂y
]i,j =

1

δy
((

vi,j + vi,j+1

2
)2 − (

vi,j−1 + vi,j

2
)2 +

α

δy
(
|vi,j + vi,j+1|

2

(vi,j − vi,j+1)

2
−

|vi,j−1 + vi,j |

2

(vi,j−1 − vi,j)

2
)

[
∂2v

∂x2
]i,j =

vi+1,j − 2vi,j + vi−1,j

(δx)2

[
∂2v

∂y2
]i,j =

vi,j+1 − 2vi,j + vi,j−1

(δy)2

[
∂p

∂y
]i,j =

pi,j+1 − pi,j

δyPR<X>_>@?[A-Ô�A"HJE_A�?[<'>@A�H�>@HV?BNDNJA"<'��bBA"?[WSYnPR<Ri�A"HVCJA�NV\�A�<_OQ?[HU?BE´��?BNDNJA"bB�XPR<RM4N�>@A"H]��A�b[b[A
(i, j)
�
i = 1, ..., imax

�

j = 1, ..., jmax
�X>@PRHSWSY

[
∂u

∂x
]i,j =

ui,j − ui−1,j

δx

[
∂v

∂y
]i,j =

vi,j − vi,j−1

δy� a+j9A"?�?^CLN
α
A"?B<�FUa+HVa+ElA�NJA"H-\�OQ?^CJWSYXA�<

0
PR<X>

1
�9>@A"H�KLAq<Xa+WSY!sn?BNJP9avNJ?[I+<��9a+CVCDA"<X>$i+A"O]z+YRb�N-O]A�HS>@A"<�EhPXCVC

PRE�A"?B<XA�do?[HVj9A"bBjR?[b^>@PR<Ri�\"P�T`A�HVE_A�?^>@A�< *
y]A�?Z>@A�H � ?^CDMnHVA�NJ?^CJ?BA"HJPR<Xiq>@A"HQ;=El�XPRb[CJi+b[A�?^WSYnPR<Ri`A�<'j�A�\"}Ri+b[?[WSY$>@A"H-��A�?BN�O]A�HS>@A"<�>@?[AwÔ�A"HJE_A�acP@ue>@A�H�b[?B<RM`A�<
snA�?BNJA�\�PXEé��A�?BNJ�RPX<RM4N

n + 1
PR<9>�>@?[A�Ô%A�HVE_A�a+P@u�>@A"H_HJA�WSY`NVA�<�s@A�?BNJA�\�PREé��A"?�NV�RPR<RM4N

n
a+PXCDi`A�O]A�HJNJA�N *

� ?[A
��A�?BNVa+jRbBA"?�NVPR<Ri ∂u
∂t

\"PRH-��A�?BN
n + 1

OQ?[HS>'>@PRHSWSY�>@A"< � ?�¿�A�HVA�<R\"A�<Xå4PRI+NJ?[A�<4NJA"< )`* æ�HS>@<nPR<Ri (u(n+1)
−u(n)

δtA�HSCDA�NJ\�N *R� ?BA
¶�I+<4NJ?[<nPR?BNVzvNSCDi`bBA"?[WSYnPR<XihOQ?[HV>�\�PRE���A�?BNJ�XPR<RM4N
n + 1

acPXCJi+A"O�A"HDNVA�N *

ê@*- _§R6�ël¦4:�¤%6Z.^¸�5�¨/8�¢
� a`CQi+A�CJa+E
NJA��7g4CDPX<Ri`CJT+A"HDu�a+YRHJA"<'b^z+CVCLN-CJ?[WSY�<nPR<�E_?BN�>@A"<�u~I`bBi`A�<X>@A"<$��?B<X\�A�b^CVWSYRHJ?BNDNVA�<�j9A�CJWSYXHJA"?Bj�A�< *

ê@*[)+* ��ìÜí���ínì�î"ï�ð�ñ�ò�ínìÜó­í�ô ;=<tA"?B<RA"HwzcPRx`A�HVA�<!;±NVA�HSavNV?BI`<XCJCVWSYRb[A�?Bu~AhOQ?[HV>!j9A"i+?[<R<RA"<X>!j�A�?[Eã��A�?BNJ�RPR<XM`N
t = 0>@?[Af��A�?BN�CJI+b^ac<Xi+A�PRE

δt
A�HVYRg+Y4N��
jR?^C'A"?B<RAt��<X>@\"A�?BN

Tend

A"HJHVA�?^WSY4N'?[CDN * ;=Eõ��A�?BNVCVWSYRHV?�NJN
n
O]A�HS>@A�<m>@?[A

� ?B¿�A�HVA�<4NJ?^acb[i+b[A�?^WSYnPR<Ri+A"<�OQ?BA�I+j�A�<�j9A�CJWSYRHV?[A�j�A�<�>@?^CJM4HVA�NV?[CJ?[A�HJN *`� acj�A�?ZCJA�?[A�<�>R?BA�dtA"HDNVA/\"PREà��A�?BNJ�XPR<RM4N
nj9A"HJA"?�NSC�j9A"Mvac<R<4N-PR<X>$>@?[AwdfA�HJNJA�\�PRE���A�?BNJ�XPR<RM4N

n + 1
CDI`bBb[A�<�j�A�HVA"WSYR<RA�NQO�A"HV>@A"< *

ê@*ö�@* ��ìÜí_÷%ìÜï�øZùví4î"ínú!��û�ü�ý�ò�ï�þ�ò�ínì�ð°ñZý�ú%þ�ínú
ô � ?BAQ>@?^CJM4HVA�NVA�<q;=El�XPRb[CJi+b[A�?^WSYnPR<Ri`A�<
O]A�HS>@A�<lCDI�PRE_i+A�CLNVA�b[b�N��
>Ra+CVC/a+P@u�>@A�H�b[?B<RM`A�<ts@A�?BNJAh<nPRH�<RI@WSY|>@?[Al��A"CVWSYnOQ?B<9>@?Bi`M+A"?�N

u
(n+1)
i,j

jR\"O *
v
(n+1)
i,j

CDNJA"YRA�< *�� ac<R<|A"HJY9acbBNJA�<
>@?[Aw��b[A�?^WSYnPR<Ri`A�<$>@?BA
�XI+HVE

u
(n+1)
i,j = F

(n)
i,j −

δt

δx
(p

(n+1)
i+1,j − p

(n+1)
i,j )

v
(n+1)
i,j = G

(n)
i,j −

δt

δy
(p

(n+1)
i,j+1 − p

(n+1)
i,j )

� ?[A_Ô�A"HJE_A
F

(n)
i,j

PR<X>
G

(n)
i,j

j�A�?[<RYXa+b�NVA�<f>@?BAq?B<f>@A�<f>@?^CDMnHVA�NJA"<|;=E_�RPRb^CDi`bBA"?[WSYnPR<Xi+A�<!T+I+HVM+I`E_ElA"<X>@A"<���A�k
CJWSYnOQ?[<X>@?[i+M`A�?BNJA�<�\�PRE���A�?BNJ�XPR<RM4N

n
*

ê@* ·R* ��ìÜí���ù°ý�ð�ø7þ9òÜínì�ð°ñZý%ú�þ%ô {`A�NV\�N�M+g`<R<RA"<mOQ?BH�>@?[A���A"CVWSYnOQ?B<X>R?Bi`M+A�?BNJA"<
u

(n+1)
i,j

PR<X>
v
(n+1)
i,j

?[<#>@?[A
>@?^CDMnHVA�NJA�¶�I+<4NJ?[<nPR?�NSzvNSCDi`bBA"?[WSYnPR<Ril>@A�H/��A"bBb[A

(i, j)
A�?[<XCJA�NJ\"A�<�PR<X>�A�HVYXa+b�NVA�<�A"?B<XAw��b[A�?^WSYnPR<Ri9�R>@?BA�<nPRH�<RI@WSY

� HVPXWSMnO]A�HJNJA�\�PRE���A�?BNJ�RPX<RM4N
n + 1

PX<X>���A"CVWSY4OQ?[<X>@?[i+M`A�?BNJA"<�T`I+Eà��A"?�NV�RPR<RM4N
n
A�<4NJYXz+b�N��

p
(n+1)
i+1,j − 2p

(n+1)
i,j + p

(n+1)
i−1,j

(δx)2
+

p
(n+1)
i,j+1 − 2p

(n+1)
i,j + p

(n+1)
i,j−1

(δy)2
=

1

δt
(
F

(n)
i,j − F

(n)
i−1,j

δx
+

G
(n)
i,j − G

(n)
i,j−1

δy
)

¼-<4NJA"H]y]A"HJ}XWSM@CJ?[WSY4NV?Bi`PR<Ri
>@A"H��-a+<X>@O]A�HJNJA/?^CDN�A"C�<nPR<�E_g`i+b[?[WSY'>@?[A"CJA � HVPXWSMni+b[A�?^WSY4PX<RiwE_?�N�A�?[<RA�E³j�A�b[?[A�jR?Bk
i+A"<��UA"HDu�a+YRHJA"<�\"PRH-�7g4CDPX<Riqb[?[<RA"a+HJA"H/��bBA"?[WSYnPR<Ri4CJCJ�@CLNVA�E_A�\�P�bBg4CDA"< *
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��?BNq>@A�<�CJI�j�A�HVA"WSYR<RA�NJA"< � HVPXWSMnO�A"HDNVA�<�\�PXE ��A"?�NV�RPR<RM4N
n + 1

M`g+<R<XA�<�>Rac<X<�acPXWSY�>@?[A���A"CVWSYnOQ?B<9>@?Bi+k
M+A"?�NSCDO]A�HJNJA

u
PR<X>

v
\"PRE¾��A"?�NV�RPR<RM4N

n + 1
j9A"HJA�WSYR<RA�N-O�A"HV>@A"< *

ê@* × * ��ý�ï � û�û�ínú�ó � ï"ï�ý%ú�þ%ô � A"H/�-b[i+I`HJ?BNJYREqPXC�CD?[A�Y4N/a+b[CJIq\"PXCVacE_E_A�<Ri`A�u�a+CVCDN�CJI�acPXC"�
��?B<XbBA�CDA"<$>RA�HQF�HVI+jRb[A�E_�Xa+HVa+E_A�NJA"H
y�A"bBA"i+A

u
�
v
�
p
E_?BN/�-<@u�a+<Ri`CJO�A"HDNVA�<

�/?^CDPXa+bB?^CJ?BA"HJAw>@?[A
�-<@u�a+<Ri`CJj�A">@?[<Ri+PX<Ri+A"<
snA�NV\�A

T = 0
�
n = 0snI+b^ac<Ri`A

T ≤ TendsnA�NV\�Aw>@?[A
�-ac<9>@O�A"HDNVA�u~}RH
u
PR<X>

vy]A�HVA"WSYR<RA
F
PR<X>

G
\"PREÛ��A"?�NV�RPR<RM4N

ny]A�HVA"WSYR<RA�>@?[AwHJA�WSY4NJAwsnA�?BNJA
>@A"H � HVPXWSMni+b[A�?^WSYnPR<Ri
�7g4CDA�>Ra+C-��b[A�?^WSYnPR<Ri4CJCJ�@CLNVA�E³u~}RH->R?BA � HJP9WSM4O]A�HJNJA
y]A�HVA"WSYR<RA

u
PR<X>

v
\"PRE¾��A�?BNJ�RPR<XM`N

n + 1

T := T + δt
�
n := n + 1�/?^CDPXa+bB?^CJ?BA"HJAw>@?[Aw��HVi+A�jX<R?[CVCJA/u~}RH

u
PR<X>

v
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