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Definitions and Notations

A={1,2,...,m} finite alphabet
A* = At U {e} free monoid over A consisting of the set of non-
empty words A™ and the empty word € (neutral
element)
A={1,2,...,m} set of inverse letters
A =A"U{e}  free monoid over A
(AU A)* finite words over AU A
~ equivalence relation on (AUA)* induced by the
cancellation law xX ~ & ~ xx (for x € A)
Observe that (AU .A)*/ ~ is the free group over A. For
X =x1x2...xp € (AUA)* the word X := X, ...% € (AU A)* is
the inverse of X (modulo ~) where X = x for all x € A.



Definitions and Notations
For X = x1x2...x, € (AU A)* and y € A define

|X|y:#{.j€{17""n}:Xj:y}*#{je{la""n}:szy/}

X1 =11y

yeA
I(X) = (‘X‘lﬂ ’X’27 R |X|m) .

We denote by < the partial ordering on (A U A)* induced by the
prefix-condition:

XY= XYeA" (mod ~),
X <Y<+ XYecA" (mod ~).

Note that for A, B € (AU A)* with A < B the set
{Xe(AUA)*/ ~: A= X < B}

is a <-chain.



Morphisms of the free monoid

Denote by o : A* — A* a primitive morphism (substitution),
hence, there exists a positive integer n such that |0"(y)|x > 1 for

all x,y € A.
We define
M = (|lo(¥)|x)1<x,y<m the incidence matrix of o;
0>1 the dominant Perron-Frobenius eigen-
value of M;
v=(v1,...,Vm) a strictly positive left eigenvector of

M with respect to 6.

We can extend o easily to (AU .A)* by defining o(x) = o(x) for
all x € A.



Coding prescriptions

Definition
A coding prescription (with respect to o) is a function ¢ with

domain A2 that assigns to each pair of letters a finite set of
integers such that

1. for each x € A the set c(xx) is a complete residue system
modulo |o(x)| such that for all k € c(xx) we have
—lo()l < k <lo(x)l;

2. for all ab € A% we have
c(ab) ={k € c(aa) : k <0} U{0}U{k € c(bb) : k > 0}.

We call a coding prescription continuous if c(ab) consists of
consecutive integers for each ab € A2,



Graph associated to a coding prescription

We associate to a coding prescription a finite graph H, . with
vertex set A2 and an edge from ab to a1 by labelled by (D, a1 b1)
with D € A* U A" whenever |D| € c(ab) and

a(a) < D§1 <D= Dbl = U(b)

Observe that each each vertex ab has exactly |c(ab)| outgoing
edges.

For each positive integer n we denote by HJ _(ab) the set of paths
of length n that start in ab. Analogously H3%.(ab) is the set of
infinite walks that start in ab.



Finite paths

Theorem 1
Let n be a positive integers and define the function c(™ on A2 by

c™M(ab) := { S 10" (D)) (D}, ajby)iy € Hio(ab) p C Z.
j=1

Then ¢(M is a coding prescription with respect to ¢”.



Example (Fibonacci substitution)

o(l) =12, c(11) = ¢(12)
o(2) =1. c(21) = c(22)

{_17 0}7
{0}

We have 02 : 1+ 121,2 + 12 and o(2) = 1, therefore

c®(11) = @(12) = {-2,-1,0}, P (21) = P (22) = {~1,0}.



Infinite paths

For each ab € A? define

Lp = Z<|(Dj),v>97j : (Dj, ajbj)jz;[ S Hgfc(ab) C R.

Note that always 0 C /,; where equality may hold.

Problem
Characterise the sets /5 (in terms of ¢ and o).



Some fundamental properties

Lemma 2
There exists a positive constant K € R such that for each ab € A?

Ly = K- lim 67"c("(ab)

n—oo
(the limit with respect to the Hausdorff metric).

Proposition 3
For each ab € A2
1. I,p is a compact set;
2. ap C [—Va, vp);
3. lab = (laa N (—00,0)) U{0} U (/op N (0, 00));
4

b = U 9_1(<|(D)7V>+/31b1)'

(D,albl)EH},’c(ab)



Continuous coding prescriptions

Proposition 4
Suppose that ¢ is continuous.

» For each ab € A? we have I, = [-v;, v;r] with v, vb+ > 0.

> (Vi V) + (e v = (v Vim).
» For each ab € A? the particular subsets in the union
lab = U 9_1(<|(D)7V> + Ialbl)

(D7alb1)eHé,c(ab)

have pairwise disjoint interior.



A special case

Proposition 5

Suppose that |o(x)| = 1(mod 2) for all x € A and c(ab) C 2Z for
all ab € A%. Then the following items hold for all ab € A2

> Lp = [_Vzn Vb]-

» The particular subsets in the union

lab = U 971(<|(D)7V> + Ialbl)

(D,a1 bl)EH},’C(ab)

have pairwise disjoint interior.



Questions

Question 1
For which setting is /,5 an interval?

Question 2

For which setting do the subsets in the union (4. of Proposition 3)
have disjoint interior? Alternatively, which setting corresponds to a
graph directed iterated function system?

Question 3
What is the Lebesuge measure of /,,7



Example 1

o 1 12112, 2 121
c: 11 —{-1,0,1,2,3}, 22 +~ {-2,1,0}

b




Example 2

c: 1 — 12112, 2 — 121
c: 11 — {—4, —2,0,2,4}, 22 — {—2,0,2}
I I
b { {
|EN] b hia
| ) UN —_—
Ly
hy — — |
l12 Ii



Example 3

o 1 12112, 2 121
c: 11 — {—4,-3,-2,0,4}, 22 > {-2,0,2}

g - - — —_—

e ——— —L -~




Example 4

o 1 12112, 2 w121
c: 11 v {-4,-3,-2,0,4}, 22 s {-2,-1,0}

l12 . 2,1 - —_—




Example 5

o 1 121, 2 12
c: 11 ~—{-2,-1,0}, 22 ~ {0,1}




